Math 75B Practice Problems for Midterm III — Solutions
§64.6-5.5

DISCLAIMER. This collection of practice problems is not guaranteed to be identical, in length
or content, to the actual exam. You may expect to see problems on the test that are not exactly like
problems you have seen before.

On the actual exam you will have more room to work the problems. You will see directions similar
to these:

1. Please read directions carefully. Raise your hand if you are not sure what a problem is asking.

2. You must explain your work thoroughly and unambiguously to receive full credit on questions
or parts of questions designated as Work and Answer.

3. No calculators or notes are allowed on this exam.

4. You have 50 minutes to complete your test, unless announced otherwise. Do not spend too
long on any one problem. You do not have to do the problems in order. Do the easy ones
first. Do not attempt the bonus question until you have completed the rest of the test. Before
turning in your test, please make sure you have answered and double-checked all the questions.

5. If you need scratch paper, please raise your hand. You may not use your own paper. When
you have finished your exam, please turn in any scratch paper you use.

6. Write your solutions in the space provided for each problem, or provide specific instructions as
to where your work is to be found. Make it clear what you want and don’t want graded. Your
final answers should be boxed or circled.

7. Unless directed otherwise, only EXACT ANSWERS will receive full credit (i.e. V2, not 1.414).
8. In word problems, give units on all answers (e.g. feet, grams, gallons).

9. Don’t stress! I'm rooting for youl!

True or False. Circle T if the statement is always true; otherwise circle F.

1. If the velocity of an object at time t is v(t) = 4t> 4 1 ft./s, then its distance T
4
in feet at time ¢ is s(t) = §t3 +t.

4
The distance might be s(t) = §t3 +t+450. There is no initial condition in the problem. Another

way to put this is, the problem does not say “distance from somewhere.” Maybe s(t) repre-
sents the distance from Egypt! Since we don’t know, we can’t say for sure which antiderivative
represents the distance.

2. The function F(x) = sin 2z + 52 is an antiderivative of the function f(z) = F
2 cos 2z.

We can check this by taking the derivative of F(x). We get F'(x) = cos2x - 2 = 2cos 2z = f(x).

3. The function G(x) = 423 is an antiderivative of the function g(z) = z* — 2. T

G'(z) = 1222 # g(x).



4
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This is a tricky problem, because the pattern on the left-hand side of the equation is disguised.
However, all we have to do is find the sum on the right and see if it simplifies to the sum on the
left:

4
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Sure enough, the equation is valid.
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. If g(x) is an odd function which is continuous on the interval [—3, 3], then F

/ig(m) dz = 0.

If g(z) is an odd function, that means the graph of
g(z) is symmetric about the origin. Therefore be-
tween —3 and 3 there is the same amount of area
above the z-axis as below. (An example is shown at
right.)

. If h(z) is an even function which is continuous on the interval [—3, 3], then F

/_z h(z) dz — 2/03h(:r) da.

This is also true! If h(z) is an even function, that
means the graph of h(z) is symmetric about the y-
axis. Therefore whatever area there is between 0 and
3 there is the same amount of area between —3 and
0. (An example is shown at right.) So we can just
double the amount we get from 0 to 3.

This can be a very useful fact when doing definite
integrals, since 0 is a lot easier to plug in than —3.




Multiple Choice. Circle the letter of the best answer.

1. If ; = 1 is a first approximation of a solution to the equation z* = 6 — 3z, then using Newton’s

Method the second approximation is x9 =

9 9
(@7 3
5

5)
b) = d) -2
) 2 (@
First we let f(z) = 2? + 3z — 6. Then finding a solution to the equation z* = 6 — 3z is the same
as finding a root of f(x). The formula for xs is 9 = 1 — ;/((931))' Now f(1) =14+3—-6= -2
71
and f'(x) = 42> + 3, s0 f'(1) = 7, and we get
1
o1 JO)
f(1)
-2
— 1 -
7
2 9
* 7
2
/ V4 —a22de =
-2
(@)~ (©)]2
—= 7r
6
(b) 0 (d) does not exist.

The curve y = v/ 4 — 22 is the upper half of a circle with radius 2 centered at (0,0). Therefore the
2
1
integral / V4 — 22 dx represents the area of a semicircle of radius 2, which is 3 22 = .
-2

w/4
. / secrtanz dx =
0

\/§
()] v2-1 (0) 1 -

(b) V2 (d) does not exist.

The function f(x) = secztanz is defined on the interval [O, %} , so the integral exists. Using the

Fundamental Theorem of Calculus we have

71'/4 71'/4
/ secxtanz dxr = secx
0

0
™

= sec <Z) — sec(0)
=v2-1




w/4 ™
4. If f(x) is continuous, then / f(z) dz — / f(z) de =
0 0

s 3mw/4
@ [ fw)da © [ fa)ds
w/4 0
w/4 0
[ @ @ [ @) do
c b c
This is just the property / f(x) dox — / flx) dx = / f(x) dx.
a a b

5. If u = 3z — 5, then the integral /xc052(3x2 —5) dx is equivalent to

(a) /ucos2(u) du (c) 3/cos2(u) du

(b) % / cos?(u) du B é / cos(u) du

We have du = 6x dz, therefore by “futzing” the constant multiple 6 we have
200, 2 1 200, 2 1 2
xcos®(3z° —5) dor = 6 6x cos*(3z° —5) doz = i (u) du.

For #6-7, use the graph of f(x) shown below to answer the questions.

6. /_Olf(ac) dw = TN

(a) —1 ()1
[CIC (@2 /

-1 1 2 2 4
Between = —1 and « = 0 there is just as much /'D'5
area (between f(z) and the z-axis) above the z-axis -
as below. Therefore the net area is @

7. /:f(x) dx =

3
The area under f(z) from z =1 to x = 2 is —. But the limits of integration have been reversed.

2
So
/21f(x)dx——/12f(ac)dx— —g




Fill-In. If an answer is undefined, write “D.N.E.”

3
1. /(%—sec%:)dxz Zx4/3—tanx—|—0 :

Yz = 2'3, so /(\3/5 —sec’z) do = 32%/3 — tanx + C (this is straight out of the formulas in
Stewart).

1
. ———  _dx= sin l(x)+C .
[ o= sl C
This is also straight out of the formulas in Stewart, since we learned at the beginning of the term

d . —1 ].
that % (Sln (J:')) - \/17_7

2
3./ Yz dr = D.N.E.
—1

v/ is undefined for x < 0. Therefore the integral does not make sense.

=~ w

A /j%dmz (2{‘/5—1)

Here we have no domain problems — {/z is defined for all . So we use F.T.C. (Fundamental

Theorem of Calculus):
2 2
/ Jx dx = / /3 dz
-1 -1

2
_ 3 ap
4 -1

_ % (24/3 _ (_1)4/3>

:%(2\3@—1).

3
You can also leave your answer as 1 (24/ 3 _ 1) or anything equal to it. Simplify whenever you

can, but at your own risk!

5. /3659” dr = %e‘:’x—i-C )

You can do this integral by the “guess and check” method or by a formal w-substitution (use
u = 5z1).

1
6. /Cos(3m —5)dx = 3 sin(3z —5)+C .

You can do this integral by the “guess and check” method or by a formal u-substitution (use
u=3x —5).



7. If the interval [—4, 7] is divided into 6 equal subintervals, then the width of each subinterval

The interval [—4,7] is 11 ( =7 — (—4) ) units wide. If we divide 11 units into 6 equal parts, each

part will be 3 units wide.

1
8./ |z| do = > .
2 2

The easiest way to do this problem is to think about areas. The +3

graph of |z|, with the area from —2 to 1 shaded, is shown at right. +2

1;10‘52106 that We1 hzive t\ivo triangles. The areas of the triangles are -3 -2 -] T e

—— = 2 and — =3 Since they are both above the z-axis, we g4 1203

add: ) . - -2+
/_2|:17|d:v:2—|—2:2 3

x
9. IfF(:E):/ V5t — t4 dt, then F'(z) = bz —a* .
5

This is exactly what F.T.C. Part 1 says.

N
10. If G(z) = / cot(6t?) dt, then G’ (z) = — cot(62?) .

N x

cot(6t%) dt = —/ cot(6t%) dt, so using F.T.C. Part 1 we get the answer

N

We have G(z) = /

xr
shown (the opposite to what we would have gotten if the x had been in the upper limit in the

original problem).

Graph.

For the function h(z) graphed at right and the initial guess x;
shown, draw tangent lines to determine xo and x3 according h(x)
to Newton’s Method, as in the sample (the sample is only
completed through x3). Label x5 and x3 on the z-axis.

Newton’s Method takes each guess, finds the equation of the
tangent line to f(x) at that z-value, and gets the x-intercept
of that line, which becomes the next guess. You can see how
this is graphed at right. X, )é]




Work and Answer. You must show all relevant work to receive full credit.

1. Estimate the root of f(x) = 2* + 22 — 1 using two iterations of Newton’s Method (i.e. compute
x3) with the initial guess z1 = 0. Ezpress your answer as an exact fraction.

We use the formula x,.1 = x, — ]{,((x )) twice. f'(z) = 3z% + 2, so we get
w2 =0— ) fO)=-1  f(0)=2
—0-F-4.
1 GG 1 113 1 1
v =4~ 41 FE =@ +2() 1=}
5 1)2 3
=51 f'(z)=3() +2=3+2=7%
_1_ 4
=327 811
-4-4=12-8-[F]

2
2. Evaluate / — dt.
t3

We have

[

—-2. t—2+0_ —t24C=|—-=+0C

dz.

3. Evaluate /1+a:2

Since i(tarfl(:t:) -1

2 -1
d:c —W,We have/w d.’]?: 2tan ($)+C

w/3
4. Evaluate / 22 —sinz dz.
0

T
The function f(z) = z? — sinz is continuous on the interval [O, g}, so the integral makes sense.
We have

w/3 1 w/3
2 _
/ x* —sinz dxr = x + cosx
0

= (; a —i—cos(g)) —(0+1)
7.‘.3

== 7—1
81




5. (a) Estimate / sin # df using 3 rectangles and midpoints.
0

We are dividing the interval [0,7] into 3 equal

— 1

parts, so each part is of width Ax = @ _

T—0 T n T b.7 sin(6)
3 — 3 So the three subintervals are [0, —], -
2 2

[g, ;T} and |:;T,7T:|. The midpoints of these 0.4
0.2

intervals are %, g, and % (see picture at right).

oy

wl

ol

w8
1

N b
1

The heights of the three rectangles, therefore, are

()
e sin <%> =1

. 51 1
e sin (6) =35

Therefore the area of the rectangles, put together, is

1 1 1 1\ =
Sl )Ar=(Z+142) =
<2+ +2> x (2+ +2> 3

2T

=2

il
3 3

(b) Evaluate / sin 6 df exactly.
0

Using FTC-2, we get

™

/ sinf df = — cos b
0 0

= (—cosm) —(—cos0) = —(—1)+ 1=
(c) What is the error of the estimate you made in part (a)?

2
The error is % — 2~ 0.094, a slight overestimate (7 is a little more than 3, so il is a little

more than 2). Looking at the graph and the rectangles, it seems plausible that our estimate
would be a little too big, but not by much.

2

6. Tt F(z) = / (3t — 5) dt,
5

(a) Evaluate F'(z).

Using the chain rule, we get

F'(z) = (3sin®z — 5) - 2sinz cosz = | 6sin® z cos — 10sinz cos

(b) Evaluate F'(x).



We have
a2 2

sin“ x 3 sin“
F(x) = /5 (3t —5) dt = 51t2 — 5t

= fsin4x—5sin2x—?+25

(c) Show that the derivative of the function you obtained in (b) equals the function you obtained
in (a).

Taking the derivative of the function F(z) found in (a), we get

i §sil.rlzlgc—f)singc—E—i—25 :§~4sin3xcosx—1Osinxcos:U
dr \ 2 2 2

= 6sin® zcosz — 10 sin x cos x,

which is the answer we got in (a).

3
7. An object travels in a straight line with velocity function v(t) = n —4e! feet per second. Determine

the net change in position (in feet) over the time interval 2 <t < 5.
The net change in position is s(5) — s(2), where s(¢) is the position function. By F.T.C. we have
°3
s(5) —s(2) = / T 4et dt
2

5
=3In|t| — 4e

2
= (31115 *465) — (31n2 *462)
=3(In5 — In2) — 4e® + 4¢?

=[3In(3) —4e*(e* - 1)

8. Evaluate /x?’ cos(9z? — 2) dx.
Let w = 92* — 2. Then du = 362> dz, and we have

/x?’ cos(9z* — 2) dx 3623 cos(9zt — 2) dx

"~ 36

_ 1 cos(u) du
36

I

= 35 sin(u) +

1
=36 sin(9z* — 2) 4+ C




9. Evaluate /sin?’(a:) cos(zx) dx.

Let u = sin(z). Then du = cos(z) dz, and we have

/sin3(a:) cos(z) dor = /u3 du

10. Evaluate /msin3(x2)cos(:c2) dz.

Hint. You may find it helpful to use your answer to Work and Answer #39.

You can either do this problem directly via the u-substitution u = sin(z?), or you can make the
substitution = z? and then note that the integral turns into a constant multiple of #9. Here
are the details of these two approaches:

Solution 1. Let u = sin(z?). Then du = 2z cos(z?) dz, and we have

1

/xsin3($2) cos(z?) dx = 3 / 2z sin®(2?) cos(z?) dx

1
:2/ 3du

11,
N C
5 4u+

1
=3 sin(z?) + C

Solution 2. Let u = 22. Then du = 2z dz, and we have

/ 2 sin’(22) cos(2?) da = / 20 sin®(22) cos(z?) da

/sin?’(u) cos(u) du

sin(u) + C (by #9)

N|—= NI~ N =

e

Yt + O

Z.
=

oo

10



