Math 76 Practice Problems for Midterm I - Solutions
§66.1-6.3

DISCLAIMER. This collection of practice problems is not guaranteed to be identical, in length
or content, to the actual exam. You may expect to see problems on the test that are not exactly like
problems you have seen before.

Multiple Choice. Circle the letter of the best answer.
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1. /0 re® dr =
(@)1 (c)e—1

(b) e (d) 0

Using integration by parts, we have

which gives

—7/4
(a) 1+g (©) 2_g
(ml—% (@2+%

2

Using the Pythagorean identity tan® z = sec? z — 1, we have

w/4 w/4
/ tan?z dx = / (sec?z — 1) dx

—7/4 —7/4
/4
=tanzr —
—m/4
= (tan (7) — 7) — (tan (—=F) + §)
=1-3-(-)-3=[2-3

—



43 — 20 + 1
(22 4+ 5)(x — 3)2

3. The partial fraction decomposition of is

(a) A N B 4 C (©) AI+B+ C
22+5 -3 (z-—3)? z2+5  (z—3)2
Az + B C D Az + B C Dx+FE

(b) +

z2+5 +x—3 (x — 3)2

d
(d) z2+5 +x—3+(x—3)2

In the denominator we have one irreducible quadratic factor 22 + 5, so we put a linear form in
the numerator of that term. We also have a repeated linear factor (x — 3)2, so we put a constant
form in the numerator of each power of z — 3 up to the maximum (z — 3)%.

20— 1
v e

(@) ||z + 1]+ ]z —2[+C ()Injz+1]—In|z —2|+C
(b) 3ln|z+1| —2In|z -2|+C (d) —In|z+1|+Injz—-2|+C
20 — 1 A B
If (g;+:1n)(x—2) :x+1+x72,thenA(:1c—2)+B(x+1):2m—1. Setting x = 2 we see that

3B =3,s0 B=1. Setting x = —1, we get —34 = —3, so A = 1. Therefore

/ 2z —1 d / 1 n 1 d

——dx = | —— x

(x+1)(x —2) r+1 z-2
=lnjz+ 1]+ 1In|z - 2|+ C.

7
g /a:2+63:+10 dv =

(a) tan~! (z + %) +C (c) gtan_l x+C
(b) 7Ttan™! (62 + 10) + C Ttan Y(z +3) +C

By completing the square under the radical, we see that 22 + 6z +10 = 2> + 62 + 9+ 10— 9 =
(z +3)* 4+ 1, so we get

/7dx:7/1dx
22 + 6z + 10 (x+3)2+1
Let u = x + 3. Then du = dx, and we have

1
=7y

= 7tan " (u) + C
= Ttan" ' (z +3) + C.



Fill-In.

1 1
1. /secgacd:c: isecxtanx+§ln|secx+tanx|+C

We did this problem in class. To recap: use parts and solve for the integral. Please see me if you
would like to go over this important technique.

2. /sin3xda:: —cosz + 3 cosz + C
We have
/sin3xdac = /siansinx dz
= /(1 — cos? ) sinz da (Let u = cosz. Then du = —sinz dx)
:—/(1—u2) du
=—(u—1P)+C

= —cos:r—{—%cos?’x—l—C.

3. To evaluate the integral / V5 + 22 dx, it is best to use the trigonometric substitution

r=_+/5tanf .
(function of 6)

For the form /a2 + z2 it is best to use the trigonometric substitution x = atan@, where it is
understood that —5 < 6 < . To see why, notice that the integral above becomes

/\/5+5tan20\/58e020d0:5/\/1+tan298ec20d9

(Notice the 1+ tan? 0, which equals sec? #, under the square root; that is precisely the reason for
the substitution we made)

:5/se09se029 dﬂzx/g/secgﬂ do,

which now reduces to the integral in Fill-In #1.

41t ($2f21)_(§—2):igif—'—x?fthen
() A=
(b) B:i
(c) C:;



1
We have (Az + B)(z — 2) + C(x? +1) = 2 — 3. Setting 2 = 2 we get 5C =1, s0 C' = 5 Now

4 8
A+C=1, soA:g. Finally —2A + B =0, soB:g.

Work and Answer. You must show all relevant work to receive full credit.

1. Evaluate the integral / x sin 3z dx.
Using integration by parts, we have

1
= = —— 3
u T v 3COS T

! T

du = dx dv = sin 3z dx

which gives

/azsin?)a: da;:—;xcos?:x—i—;/cos?)x dx

1 1
= —§$COS3.%'+§SHI3.%'+C

2. Evaluate the integral /$sin_1(x2) dzx.

This is similar to a problem we did in homework, but first we must make the wu-substitution
(actually we will use ¢ instead of u because we will soon be using integration by parts, and we

1
don’t want to confuse the u’s): let ¢t = x?; then dt = 2z dz, and we get 5 sin~!(t) dt. Now

using integration by parts, we have

u = sin~1(t) v=t

which gives

;/sinl(t) dt = ; (tsinl(t) —/ﬁ) dt

(Now we use one final substitution for the remaining integral: v =1 — t2. Then du = —2t dt.)

= % <tsin—1(t) + % / \}E du)
1

1
_ 1 15 1/2
5 (tsm () + 5 2u > +C

1
=3 (t sin~ ! (t) + V1 — tQ) +C. Finally we go back to z’s:

1 1
= 5372 sin~!(2%) + 3V 1—at+C
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3. Evaluate the integral / e*sinx dx.

Using integration by parts, we have

u==e V= —COST

! T

du =¢e* dx dv =sinzx dz

which gives
/ez sinx dr = —e* cosx + /ez cosz dx.

This is similar to a problem that we did in class. Remember that we had to do parts twice and
solve for the integral. So here’s the second application of integration by parts:

u=-=e v =sinx

! T

du = e* dx dv = cosz dx

We get —e® cosx + (ex sinx — / e” sin x) Now we are ready to solve for the integral; we have

/exsinm dx:—emcosx+e$sinx—/exsinx,

S0
Q/emsinx dr = —e*cosx + e*sinx + C.

Therefore

1 1
/emsinx dxr = —Qexcosx—k iexsinx—FC

4. Evaluate the integral /x2 In(z3) de.

Again, this is similar to problems we have done before. First we substitute u = z3. Then
1
du = 322 dz, and we have 3 /lnu du. We showed in class that /lnt du =tlnt —t+ C (you

can rederive it by letting u = Int and dv = dt and using parts); therefore we get

1 1
3/1nu du = g(ulnu—u)+0

1
= g(xg In(z®) — 23) 4+ C

If you are feeling clever, convince yourself that the above simplifies to x3 (lna: — %) +C!



5. Evaluate the integral / cos® zsin? z dz.

Since the powers of sinz and cosx are both even, we must use the half-angle and double-angle
identities; we have

/cos2 zsinz do = /(cos rsinz)?sin? x da

:/(;sin2x>2 G (1—c052x)> dx

1
= 3 /sin2 21 — sin? 2z cos 2z dx

1 1
=3 [/ (2 (1-— cos4x)> dx — /sin2 2x cos 2z da:]

(For the second integral, let u = sin2z and proceed. T'll skip to the end of that. See me for
details if you’re not sure how I get there.)

1 1 . 1 .5
= 16<x4s1n4x>48$1n 2z +C

6. Evaluate the integral / tan? x sec* z da.

This one is actually much nicer than Work and Answer #b5; since the power of secx is even we
can use the Pythagorean identity. We have

/ tan? z sect z dx = / tan? z sec? z sec® = dx

tan’ z(tan® z + 1) sec’ z dx (Let u = tanx)

I
| — — —

u?(u? + 1) du

ut +u? du

1
tan5m+§tan3x+0

7. Evaluate the integral / tan® x sec® z da.
This one is also nice because the power of tan z is odd. We have
/tan3 zsec® x de = /tan2 zsec? x - secx tanx da
= /(se02 z — 1) sec’ x - sec z tan x dx (Let u = secx)

= /(u2 —1)u? du

:/u4—u2du

1
= fseCSx—gsech—FC
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8. Evaluate the integral / tan? z sec z dz.

This one could get ugly because the power of secx is odd and the power of tanz is even. We
have

/tanQ:):secx dx = /(sech —1)secx dx
= /sec3 x —secx dx. Using Fill-In #1:

1 1
= isecwtanaﬂ- iln\secx—i-tanaﬂ —In|secx + tanz| + C

1
=5 (secxtanz — In|secx + tanz|) + C

9. Evaluate the integral / cos 2x sin 3x dx.
We have, using one of the product identities,

. 1 ) )
/costsm?)x dm:2/81nfc+sm5x dx

1 1
= 5 (—cos:c—5cos5x> +C

1 1
=|=3 (cosx—i— 5COS5IL’> +C

10. Evaluate the integral / V4 — 922 dx.
1
Here we must first see that /\/4 922 dx = /\/ - (3x) dr = 3/\/ 4 —u? du (where
6 <

[Alternatively, if you feel confident you can substitute directly from the x’s with x = %sin 0; then
dr = %COSH df, and you’ll get the same thing.]

In either case we end up with

;/\/4—4Sin29‘2C089d9—g/\/l—SiHQQCOSGdH
4
:3/\/(308290089(19

o
ro |

= % /cos 0 cos do (since —

:;1/(30829d9

4 1
g 2/1—|—cos29d9
§<9+1sm29) +C



:§(9+sin000s0)+0

U 3x
Now use —5 < 6 < 7§ to get 0 = sin~? <§> =sin~! <2> and trigonometry similar to what was

VA —u2 4 — 92

done in class to get cosf = 5 = 5 . We have
2 1 (3 3z V4 —9x?
= — [ sin —_—— C
3 2 2 2
2 1 [ 3x 3zv4 — 9x?
=gl )t )¢

11. Evaluate the integral / V4 + 922 dx.

Similar to above we use the substitution x = %tan 0; then dx = %sec2 0 df with —5 <0 < 7,

and we get
2 4
3/\/4+4sin29'86020d9: 3/\/1+tan2086029d9
4
= 3/VS€C2986C29d9
4/ 30d9 (i T<p< D
3 | sec since —5 <0< 5
4 /1 1 . . .
=303 secf tan 0 + 3 In|sech +tanf| | + C (Using Fill-In #1 again)
3 V4 + 922
Again using trigonometry we get tanf = ?x and sec = % We have
2 (V4 2 V4 2
_2 +9x-3—$+ln + 9z +3j LC
3 2 2 2 2
2 [ 3xv4+ 922 3z + V4 + 92
= g 74 + In —2 +C

12. Evaluate the integral / V922 — 4 dx.

Once more, with feeling! This time it’s x = %sec& with 0 < 0 < g; then dx = %SecﬁtaHQ de,
and we get

3/\/4se029—4‘se06tan9d0:g/\/seCQG—lseCQtanH do
4
= 3/\/tan2988C¢9taH9 do

4

= 3/tan29sect9 do (since 0 <6 < g)
4

=3 5(sec&tan@—ln|sec€+tan9|)+C

8



13.

14.

92 — 4

3
(using Work and Answer #8). Again using trigonometry we get sec § = ?x and tan § = 5

We have

3 T b

2 [ 3z 9x2 — 4
3

3 922 — 4
;o V) e

) e

3z ++9zx2 — 4
2

2(395\/9:52—4 |
= - ——— —1In
3 1

22? — 5z + 10
Evaluate the integral / v mort dx.
(z—1)3
The integrand is a proper rational function with repeated linear factors. Hence we may split up

the fraction as
222 — 5z + 10 A B C
3 + 5 T 3
(x —1) x—1 (z-1) (x—1)
Then by getting a common denominator for the right side of the above equation and setting the
resulting numerator equal to 2x2 — bx + 10, we get

Az —1)*+ Bz —1)+C =22% =52+ 10
A2® +(—2A+ Bz +(A—B+C) =22 - 52+ 10 (1)
Note. By setting z = 1 we can see that C = 2 — 5 + 10 = 7. However, it is difficult to use the

“cover-up” method beyond this point since there is no other “easy” x-value to plug in to make
terms drop out. Therefore we will proceed with the method of undetermined coefficients.

From (1) we have A =2, —2A+ B = -5 (so B=—1),and A—B+C =10 (so 2—(—1)+C = 10,
and C =7, as expected from the Note above). Therefore

/W“:/@il‘<x—11>2+<x—71>3> &

Now use the substitution v = x — 1 in each fraction to get

1 7
—|2m]z -1 - C
nle =+ o=y~ *

22 —0x—7
(x +2)(22+1)

Evaluate the integral / x.

The integrand is a proper rational function with a linear factor and an irreducible quadratic
factor, no repeats. Hence we may split up the fraction as

2 —9r—7 A Bx +C

(x +2)(z2+1) _l'+2+ 241

Then by getting a common denominator for the right side of the above equation and setting the
resulting numerator equal to 2> — 9z — 7, we get

A(* + 1)+ Bz +C)(x +2) = 2> — 92 — 7
(A+B)2* + (2B+ )z + (A+2C) = 2% — 92— 7 (2)
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Note. By setting x = —2 we can see that 54 = 4+ 18 — 7 = 15, so A = 3. However, it is
difficult to use the “cover-up” method beyond this point since there is no other “easy” x-value
to plug in to make terms drop out. Therefore we will proceed with the method of undetermined
coefficients.

From (2) we have A+ B =1 (so B = —2 by the Note above), and 2B+C = —9 (so —4+C = -9,
and C' = —5). We can also double-check that A+ 2C = —7: sure enough, A = 3 and C' = —5, so
A+2C =3+2(—5) = —7. Therefore

22 —9x -7 3 2z +5
de = = %) dz
(x4 2)(x2 4+ 1) r+2 22+1
3 2x 5
= dx — d d
/:c+2 v (/:c2+1 x+/az2+1 x)

For the first integral, let u = x + 2. For the second integral, let u = z? + 1. For the third, refer
to Multiple Choice #b5:

=|3In|z+2/—In(z*4+1) —5tan tz + C
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