Math 139 — The Graph of a Rational Function

3 examples
General Steps to Graph a Rational Function

1) Factor the numerator and the denominator
2) State the domain and the location of any holes in the graph

3) Simplify the function by factoring if possible.
4) Find the y-intercept (x = 0) and the x-intercept(s) (y = 0)

5) Identify any existing asymptotes (vertical, horizontal, or
oblique/slant)



General Steps to Graph a Rational Function contd.

6) Identify any points intersecting a horizontal or oblique
asymptote.

7) Use test points between the zeros and vertical asymptotes
to locate the graph above or below the x-axis

8) Analyze the behavior of the graph on each side of an
asymptote

9) Sketch the graph



Example #1

x%+x—12
fo) = —5—
1) Factor the numerator and the denominator
(x+4)(x —3)
[ = e =2
2) State the domain and the location of any holes in the graph
Domain: (—oo,—2) U (—2,2) U (2, ™)

No holes (They occur where factors cancel)

3) Simplify the function to lowest terms

e+ =3)
[ = e =2




4) Find the y-intercept (x = 0) and the x-intercept(s) (y = 0)
y-intercept (x = 0) x-intercept(s) (y = 0)
These are the roots of

(0 +4)(0 - 3) i |
fO =05 20-2) erAso k30
—12 x =—4 x=3
f(0) = = 3
(—4,0) (3,0)

(0,3)



5) Identify any existing asymptotes (vertical, horizontal, or
oblique

2
x“+x—12 (x+4)(x—3)
f(x) =—— fx) =
x4 —4 (x+2)(x—2)
Horiz. Or Oblique Asymptotes Vertical Asymptotes
Examine the largest exponents Use denominator factors

Same .. Horiz. - use coefficients
" x+2=0 x—2=0

y:I X =—2 X =2

HA: y = 1 VA:x = -2 and x = 2

Oblique Asymptotes occur when degree is 1 greater on top.
Divide using base-x and get rid of denominator to find line.



6) Identify any points intersecting a horizontal or oblique
asymptote. (this is possible because unlike a vertical
asymptote, the function is defined at these types)

x%+x—12
y=1 and f(x)= R
x%+x—12
T x2—4
x> —4=x*+x—12
—4 =x—12

3=x
(8,1)



7) Use test points between the zeros and vertical asymptotes
to locate the graph above or below the x-axis

_(x+4)(x—3): ’ - B
f = -2 F9 =50 =
(=5 +4)(=5 - 3) N
f(—S)—(_5+2)(_5_2) f(=3) = below
ey D)) _(HE)
A Ta fO=me=

f(=5) = above £(0) = above



7) Use test points between the zeros and vertical asymptotes
to locate the graph above or below the x-axis

_(x+4)(x—3): ’
[0 = e =2
OGS NOGN
F29) =5 W= ="

f(2.5) = below f(4) = above



8) Analyze the behavior of the graph on each side of an

asymptote ; ; 'O
above below L atbve below; above
b
(et 4)(x — 3)
)= e =2
x>-2" f(x) ((J_))((__)) F(x) — —co
x > =27 f(x) (((;-))((__)) f(x) =



8) Analyze the behavior of the graph on each side of an

e e e -
T r
0= ey
x>2"  f(x) - ((:))((O__)) Fx) - o0
ro2t f@ o2y e

OIS



9) Sketch the graph

t




Example #2

() = x*+ 3x — 10
fx) = x%+ 8x + 15
1) Factor the numerator and the denominator
(x+5)(x—2)
fx) =

(x+5)(x+ 3)
2) State the domain and the location of any holes in the graph

Domain: (—oo,—=5) U (=5,—3) U (—3, x)
Hole in the graph at x = =5
3) Simplify the function to lowest terms

_(x=2)
f(X)—(x+3)




4) Find the y-intercept (x = 0) and the x-intercept(s) (y = 0)

y-intercept (x = 0)

(0-2)
2
fQ0) = —3

0 2
(:—g)

x-intercept(s) (y = 0)
Use numerator factors

x—2=0
X =2

(2,0)



5) Identify any existing asymptotes (vertical, horizontal, or
oblique

x%+3x—10 x — 2
[ = e v 15 f(x):§x+3§
Horiz. Or Oblique Asymptotes Vertical Asymptotes
Examine the largest exponents Use denominator factors
Same .. Horiz. - use coefficients x+3=0
_ 1 x=-3
! VA:x = —3

HA: y=1




6) ldentify any points intersecting a horizontal or oblique
asymptote.

y=1 and f(x)=x

X+ 3
1_x—Z
- x+3
XxX+3=x—2
3 =-2

lost variable
no points of intersection on the asymptote



7) Use test points between the zeros and vertical asymptotes
to locate the graph above or below the x-axis

. A
above i below i above

C(x=2) ’ :_
f(x)_(x+3) f(0)=%=—
(—4 - 2)
f(—4)=(_4+3) f(0) = below
O -0 _
fed=5=+ F@ =5 =+

f(—4) = above f(3) = above



8) Analyze the behavior of the graph on each side of an
asymptote

J
(x —2) _éf_ E
Y —
.f(x)-—-(x_+_3)
x—> -3 f(x)- % f(x) » o
x - -3 f(x)- (=) f(x) > —oo

(0%)



9) Sketch the graph




Example #3

()_x2+3x+2
Jx) = x—1

1) Factor the numerator and the denominator

) = (x+2)(x+1)

x—1
2) State the domain and the location of any holes in the graph
Domain: (—,1) U (1, )

No holes

3) Simplify the function to lowest terms
(x+2)(x+1)
f(x) = = 1)




4) Find the y-intercept (x = 0) and the x-intercept(s) (y = 0)

y-intercept (x = 0) x-intercept(s) (y = 0)
£(0) = (0+2)(0+1) Use numerator factors
(0—-1) x+2=0 x+1=0
f(0)=_i1=—2 X=2 x=—1
(—2,0) (—1,0)

(0,-2)



5) Identify any existing asymptotes (vertical, horizontal, or
oblique

2
x“+3x+ 2 (x+2)(x+1)
flx) = flx) =
x—1 (x—1)
Horiz. or Obligue Asymptotes Vertical Asymptotes
Examine the largest exponents Use denominator factors
Oblique: Use long division x—1=0
x +4 1
x—1>x2+3x+2 e
“x?% —+x VA:x =1
4x +2

—%x—-|-4_ OA: y=x+4




6) ldentify any points intersecting a horizontal or oblique
asymptote.

(x+2)(x+1)
x —1
(x+2)(x+1)
- x —1
x+4)(x—1)=(x+2)(x+1)
x%+3x —4=x%+3x+2
lost variable

y=x+4 and f(x) =

X+ 4

no points of intersection on the asymptote



7) Use test points between the zeros and vertical asymptotes
to locate the graph above or below the x-axis

oy = EHDEED SR A
(x=1)  f(-15) = (Jr()_()_) =+
G NS _ () _
f(—4) = = f(=1.5) =above  f(3) ) +
f(—4) = below f(0) = (-l_()_()-l_) == f(3) = above

f(0) = below



8) Analyze the behavior of the graph on each side of an
asymptote | L

<€

1.

Rl

(x+2)(x+1)

f) =2
o1 WD @ e
ro1t fa -2 oy e

(0%)



9) Sketch the graph



