MATH 141

Midterm 2 - Answer key
April 5, 2001

1. (20 points) Compute the limits:

. 622 + 5x ) 622 + bz
(a) lim = 1m =
-0 (1 —1x)(2x —3) a>—00 =222+ 5z — 3
6+ 2 6
= lim ——=%~%=-—=-3
T—— oo—2—|———w—2 —2
244 +1 3+ + 0
b) 1 1 z -=0
()w—)ool‘5—3x3—|—4 T—00 1—$2—{— 1

(c) lim T g fig VP22 0)(VaTH 2+ 24 ) _
T—00 T—00 $2+2$+2+x

— I 2x + 2 _ lim 2+—
N lglo\/as?-|—233—i-2-i- b ”2“” -|—1
2+—
= lim ————% — == lim

T—00 /$2+2x+2+1 r—00 /1+ +w2+1 \/_+1
o

(d) lim (z+ V) (2* +4) = (00 + 00) (00 + 4) =

3
lim ——)
(e) Lm e = =e(z_’°° 22) =0 =

T—r—00

2. (10 points) Find the horizontal asymptotes of the graph of the func-

-3
tion f(z) = T
Va? + 3z + 2
1-32
lim f(z) = lim T = lim i 1
T—+00 T—00 ( T +3w+ ) T—00 1+ % + mz_z
§ _3
lim f(z)= lim = lim L = -1
T——00 z——00 [ VZ22+31+2 T——00 3 )
(f) —yitot=
Therefore, the horizontal asymptotes are y =1 and y = —1.
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3. (10points) Let f(z) = 2% — 2.

Z

(a) Find f'(z) using the definition of the derivative.

. fa+h) - fx) . (@R = - (=)
! _ _ T T/ __
fe == ~in h -
224 g24oph 4+ 2 — g Bt + 2zh + b
= lim 22+ = lim =
h—0 h h—0 h

2 2
lim| —+4+224+h)=—+22
h—0 (x(x +h) ) x?
(b) Find the tangent to the graph of f at (1,—1).
slope=f'(1) =4
y+1=4(zx—1)
y=4x —5
(c) At what point of the graph is the tangent horizontal?
the tangent line is horizontal when the derivative is 0.

2 +22=0
w%—l-x:O
1+2°=0
2= -1
r=-1
y=f(-1)=3

Therefore, the tangent line is horizontal at (-1, 3).

4. (12 points) Compute the derivatives of
(a) f(z)=e"cosz+a?Yr—Ttanz+ 1 = e®cosT+xs —Ttanz 4+ L

f'(z) =€ cosx + 3%(—sinx) + %xé — Tsec’y — 12

() g(e) = V52
J(2) = (277 — 2)(2® + 12) — (V& — 22 + 4)(32?)
(23 + 12)2
2sinzx

(c) h(z) =

tanx — 4cosz

W () 2cosz(tanz — 4 cosx) — 2sinz(sec? z + 4sin )
xT) =

(tanz — 4 cosx)?
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5. (8 points) A particle moves along a straight line and its position at
time ¢ is s(t) = t* — 9t* + 15t + 10

(a)

(b)

Find the velocity of the particle at time ¢t = 2.
v(t) = s'(t) = 3t — 18t + 15
v(2)=3-22-18-2+15=-9

When is the particle at rest?

The particle is at rest when v(t) = 0:

3t2 —18t+15=0

3(t*—6t+5)=0

3t—1)(t—5)=0

t=1 and t=5

6. (6 points) The volume of a cube with side s is V(s) = s®. What is
the rate of change of the volume with respect to s when s = 57

The rate of change is the derivative: V'(s) = 3s?
V/(5) =352 =175

7. (12 points) Compute the limits:

(a)

. cot3x . cos3z/sin3zxz . (sinz)(cos3x)
lim =lim ———— =lim————* =
=0 cscx =0  1/sinz 20 sin 3z

. 2 (cos 3x) . E(cos3z) 1-1 1
= hm 5873 == hm z 3 = = —
s0  SmBs p0 38152 T 301 3

(b) lim sin®z _ (Sigx : Sinm) —0-1=0

z—0 21 z—0 €

I cosr — 1 I cosz — 1 1 0 1 0
11n — = 11In . = . — =
z—0 12 + 4x z—0 €T x+4 4

8. (10 points) Where is the function f differentiable?

fz) = x+4 , T < 2
V=1 22-2246 ,2>2

Both z+4 and 2% — 2z + 6 are differentiable on R (in fact, all
polynomials are differentiable on R). Therefore, the function f is dif-
ferentiable at all points except possibly at 2. So we only have to find
out whether f is differentiable at 2. There are two ways to do this.
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1. By definition, f is differentiable at 2 if f'(2) = lim
exists.

f(2) =6. If x < 2, then f(z) = z+4. If z > 2, then f(z) = 22 —22+6,
so we have to find the one-sided limits separately.

— f(2 4 — -2
li M:]imu:hmx =1
T2~ T —2 T2~ r—2 T2 L — 2

— f(2 2_9 — —2
limM:limx z+6 6=1imwzlimx:2
T2t x—2 T—2+ xr—2 =2+ x — 2 T—2+

— f(2
The one-sided limits are not equal, therefore lin% M doesn’t
r—r T —

exist.

Note: You can use the definition f'(2) = }lliII(l) UChs h})l — /@) if you
—

prefer. Consider cases h < 0 and h > 0, and you will see that lim and

h—0~—
2+ h) — f(2
lim are not equal. Therefore, lim f2+h) - fQ)

doesn’t exist.
h—0+ h—0 h

2. f(x) is continuous at 2 if and only if
(a) the functions z +4 and z? — 2z + 6 agree at 2
(b) the derivatives of z +4 and z? — 2z + 6 agree at 2

Note: the first condition ensures that f(z) is continuous, and the second
condition ensures that f(z) is smooth.

Check: (a) 2+4=22-2-2+6 true
(b) the derivatives are 1 and 2z —2, and 1#2-1—2.

So f(z) is not differentiable at 2.
Therefore, the function f(x) is differentiable at all points except for 2.

9. (12 points) Find the derivatives of:

(a) f(x) = \/tanx + 2z fl(z) = i(tanz + 2)77 - (sec? z + 2)
r) = sin®(cos ) = (sin(cos ))?
() = 251n(cos x) - cos(cosz) - (—sinz)

g
g

(c) h(z) = 2¢ +3sinz B (z) =In2- 253502 . (94 4 3cos z)
k(z) =

o 2) =)

kl(x) = —sin (e(m_l)) - e(m_l) . (—:U_Q)
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