MATH 142

MIDTERM EXAM II ANSWERS
April 11, 2002

1. (10 pts) Find the area of the region enclosed by the curves z = y* + 2 and x = 4.

Setting y? + 2 = 4 yields y = £v/2.
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ANSWER: 22 — gx/ﬁ - (—2\/§+ §\/§) = g\/5

2. (10 pts) A spring at rest has length of 2m. Assuming that the spring constant k equals

10 N/m, calculate the work required to stretch the spring so as to increase its length to 4 m.

We use z to denote the amount by which the spring is stretched beyond its rest length.
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Here we have made use of the Hooke’s Law which says that F(z) = k.

ANSWER: 20Nm

3. (20 pts) Find the volumes of the solids obtained by rotating the specified regions about

the given axes.
(a) enclosed by y =z — 1,2 =1, and y = 1; about y = 0

This can be done using slices. Setting 1 = v/x — 1 yields x = 2.
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ANSWER: =« <4— 2—2+ %)



(b) enclosed by y = z? and y = 3z; about x = 4

This can be done using shells. Setting z? = 3x yields z = 0, 3.

3

3 3
7 1
V= / 21(4 — 2)(3z — 2?) dw = 27r/ 120 — 7o + 2* do = 27 (6.’132 — 5:153 + Zx4>
0 0

0

1 4
ANSWER: 27 (54 — 63 + 181) = %

4. (10 pts) A 100 foot tower has cross sectional areas which, at height y, are given by

Ay) =

Find its volume.
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ANSWER:

5. (10 pts) Find the average value of f(x) = 2°v/1 + 23 over [0,2].
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Here we performed substitution v = 1 + 2 with which 2 dz = 3

ANSWER: %(93/2 —1) = %

6. (24 pts) Evaluate the following indefinite integrals.

(a) /Qx cos 2% dx

We use substitution v = z? with which du = 2z dz.

/2xcosx2dx:/cosudu:sinu—l—C

ANSWER: sinz?+C



(b) /m2 cos T dx

We use integration by parts twice. First, let u = 2% and dv = cos x dx so that du = 2z dx

and v = sin .

/:E2cosxda::x2sinx—/2xsinxdx

Second, let u = 2x and dv = sin x dx so that du = 2dz and v = — cos x.
2sinx — /2xsinxdm = z?sinz — (—Zxcosx — / -2 cesxdm)
ANSWER: a?sinz + 2z cosz — 2sinz + C
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We use substitution u = /x with which du = —= dx.
x
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ANSWER: 2eV* +C

(d) /arcsinmdm

1
We integrate by parts. Let u = arcsinz and dv = dx so that du = ——dz and

V1—a?

v=21.
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Next, we perform substitution s = 1 — 22 with which ds = —2x dx.

/ . . / 1 ( ds)
arcsinz dr =xarcsine — | — | ——
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:xarcsinx—l—é/s_l/?ds

12
=g arcsin x + 3 Isl/Q +C

ANSWER: zarcsinz +v1—22+C



7. (16 pts) Evaluate the following indefinite integrals.

(a) / sin® z cos® x dx

/sm x cos® x dx

SlIl T COS rcosxdr

sin®z(1 —sin?2)?coszdr  (u = sinx; du = cos x dx)
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ANSWER: Zsm x—gsm x+§sm z+C

(b) / tan® z sec* x do

tan® z(1 + tan®*z)sec’ vdr  (u = tanz; du = sec? x dx)

1 1
ANSWER: 1 tan* 2 + 6 tan® z + C



