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, Toportional reasoning has been referred to as the cap-
stone of the elementary curriculum and the corner-
: stone of algebra and bevond (Lesh, Post, & Behr
1987). The ability to reason proportionally was a hallmark of
Praget’s distinction between concrete levels of thought and
formal operational thought. Ii represents the ability 1o begin
to understand multplicative relatonships where most arith-
metic concepts are additive in nature

Big Ideas

1. A ratio Is a comparison of any two quantities. A key de-
velopmental milestone is the ability of a student to begin
to think of a ratio as a distinct entity, different from the two
measures that made it up.

2. Proportions involve muluplicative rather than additive
comparisons. Equal ratios result from multiplication or di-
vision, not from addition or subtraction.

3. Proportional thinking is developed through activities in-
volving comparing and determining the equivalence of
ratios and solving proportions in a wide variety of problem-
based contexts and situations without recourse to rules or
formulas.

o :
> | Content CONNECTIONS

Propartional reasoning is indeed the comerstone of a wide va-
rety of topics in the middle and high school curmiculum.

® Fractions (Chapter 15): Fquwalent fractions are found

through a muliplicative proc

nominators are multipled ¢

ber. Equivalent ratios can be
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In fact, part-whole relationships (fractions) are an exam-
ple of ratic.

Similarity (Chapter 20): When two figures are the same
shape but different sizes (i.e., similar), they constitute a vi-
sual example of a proportion. The ratios of linear mea-
sures in one figure will be equal to the corresponding
ratios in the other.

Data Graphs (Chapter 21): A relative frequency his-
togram shows the frequencies of different related events
compared to all outcomes (visual part-to-whole ratios). A
box-and-whisker plot shows the relative distribution of
data along a number fine and can be used to compare
distributions of populations of very different sizes.
Probability (Chapter 21): A probability is a ratio that
compares the number of outcomes in an event to the to-
tal possible outcomes. Proportional reasoning helps stu-
dents understand these ratios, especially in comparing
large and small sample sizes.

Algebra (Chapters 23 and 24): Much of algebra con-
cemns a study of change and, hence, rates of change (ra-
tios) are particularly important. In this chapter you will see
that the graphs of equivalent ratios are straight lines pass-
ing through the origin. The slope of the line is the unit ra-
tio. Slope self is a rate of change and is an important
component in understanding algebraic representations of
related quantities.

Proportional Reasoning
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proportion. It does not matter what your personal mathe-
matical acquaintance with ratio actually is. Try each of the fol-
lowing problems. You may wish to discuss and explore the
exercises in a group or with a friend.

LAPS
Yesterday, Mary counted the pumber of laps she ran
and recorded the amount of time it took. Today she
ran fewer laps in more time than yesterday. Did she
run faster, slower, or at about the same speed today—
or can’t you tell? What if she had run more laps in
more time?

SIMILAR SHAPES
Place a piece of paper over the dot grid in Figure 18.1.
Using the dots as a guide, draw a shape that is like the
one shown but larger. How many different shapes that
are like the given shape can you draw and still stay
within the grid provided?
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FIGURE 18.1 Draw some shapes just like this, only larger.

TOMATOES
At the farmers’ market, Jones sells tomatoes at 5 pounds

for $7 whereas Smith sells his tomatoes at 4 pounds for
$6. Which farmer sells his tomatoes at a cheaper price?

© SHORT AND TALL

Mr. Green sells trophies on the basis of height. A short
trophy measures 6 paper clips tall, as shown in Fig-
ure 18.2. According to his price chart, this short trophy
sells for $4.00. Mr. Green has a taller trophy that is
worth $6.00 according to the same scale. How many
paper clips tall is the $6.00 trophy?
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FIGURE 18.2 The “Short and Tall” trophy problem.

Examples of Ratios in
Different Contexts

A ratio is an ordered pair of numbers or measurements that
expresses a comparison between the numbers or measuyes. To
students, ratios in different settings or contexts may present
very different ideas and different difficulues.

Part-to-Whole Ratios

Ratios can express comparisons of a part to a whole, for ex-
ample, the ratio of girls to all students in the class. Because
fractions are also part-whole ratios, it follows that every frac-
tion is also a ratio. In the same way, percentages are ratios, and
in fact, percentages are sometimes used to express ratios.
Probabilities are ratios of a part of the sample space o the
whole sample space.

Part-to-Part Ratios

A ratio can also express one part of a whole to another part
of the same whole. For example, the number of girls in the
class can be compared to the number of boys. For other ex-
amples, consider Democrats to Republicans or peanuis to
cashews. Although the probability of an event is a pari-to-
whole ratio, the odds of an event happening 1s a ratio of the
number of ways an event can happen to the number of ways
it cannot happen—a part-to-part ratio.

Rates as Ratios

Both D{U'I»[(‘*‘a‘fh(ﬂﬁ‘ and pan»lo—paﬂ ratlos Compare two

measures of the same tvpe of thing. A ratio can also be a

rate. A vate 1s a comparison of the measures of two dilferent
thmgs or quanites: the measuring wmt i¢ different for each
value.
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In the “Shori and Tall” exercise. the comparison between
paper clips and money is a ravio thai i 2 rate—in this case.
dellars per paper chp. All prices are raies and are. therefore,
raios 69 cents cach, 3 for a dollar, 12 ounces for $1 3¢

The “Laps” exercise involves comparisons of time 10 dis-
tance, another example of rate. In that example the reasoning
1s qualitatrve rather than quanutative. but the ratio concept s
basically the samc. All rates of speed arc comparisons of time
and distance {or example, driving at 35 miles per hour (time
Lo distance ) oy jogging at @ minutes per mile (distance 1o ime)

Miles per gallon, square vards of coverage per gallon of
pamt. passengers per busload, and roses per boucuel are all
rates. Relatonships between two units of measure are also
rates or ratios, for cxample. inches per oot milliliters per iter,

and centimelers per inch.

Other Examples of Ratio
In geometry, the ratios of corresponding parts of similar geo-
metric figures are always the samie, as in the “Similar Shapes”
exercise. The diagonal of a square is alwavs V2 times a side.
T (pit s the ratio of the circumlerence of a circle 1o the di-
ameter. The trigonometric functions can be developed from
ratos of sides of right tnangles. The slope of a line or of a roof
is @ ravo of rise for each unit of horizontal distance or run.
In nature, the ratio known as the golden ratio is found in
many spirals. from nautilus shells to the swirls of 2 pinecone
or a pineapple. Artists and architects have used the same ra-
tio inn creating shapes that are naturally pleasing to the eve.

&

Proportions

As students begin 1o reflect on a variety of examples of ratios,
they will also begin to see two or more comparisons that are
in the same ratio. In the “Similar Shapes™ exercise. the ratio of
any two sides of a small shape 1s the same as the ratio of the
corresponding sides of a larger but similar shape. The “Toma-
toes” problem also involved two ratios. Here the task was 1o
compare the ratios 1o decide which was greater. The com-
parison of ratios forms an important category of tasks for
students in developing proportional reasoning.

A proportion is a statemnent of equality between two ratios.
Different notations for propartions can be used, for example:
3:9=4:12 o =%

These might be read “3 is to @ as 4 is 10 127 or “3 and O are
in the same ratio as 4 and 127

Aratio that is a rate usuallv includes the unns of measure
when written, {or example:

$12.50

1 gallon

- o
2 gaions

Iri the “Short and Tall” problem. vou comnleled a pro-

portion. oy “selved” it by complenng e secomd ravo. Find-

mg one number i

P ree
15 called solving a proportion.

a proporuen when given the other ¢

Proportional Reasoning and Children,

Proportionat reasomng is diflicult 1o define in a simple senteree

T two. Proportional reasoning is not somethin g that you 1.
ther can or cannot do. It is. as the example problems shony:
bolh a qualitative and quantitative process. According 1o La:
mon (1999). the following are a few of the characierisiics of
proportional thinkers:

€ Proporuonal thinkers have a sense of covariation That

thev undersiand relationships in which rwo quantities

vary yogether and are able 1o see how the variation 111 one
coincides with the variation in another.

® Proporuonal thinkers recognize proportional relayon.
ships as distinet from nonproportional relationshipe in
real-world contexts.

& Proporuional thinkers develop a wide variety of sirategies
for solving proportions or comparing ratios, mosi of
which are based on informal strategies vather than pre-
scribed algonithms.

& Proporuonal thinkers undersiand ratios as distinct ent-
ties representing a 1'dauonshlp diflferent from the quan-
tities they compare.

15,

It 1s estimated that more than half of the adult popula-
tion canmot be viewed as proportional thinkers (Lamon.
1999). That means that we do not acquire the habits and skills
of proportional reasoning simply by getting older. On the
other hand, Lamon’s research and that of others indicarte that
instruction can have an effect. especially if rules and algo-
rithms for fraction computatiion, for comparing ratios, and for
solving proportions are delayed. Students may need as much
as three years’ worth of opportunities 1o reason in multi-
plicative situations in order to adequately develop propor-
tional reasoning skills. Premature use of rules encourages
students to apply rules withour thinking and, thus, the abil-
ity to reason proportionally often does not develop.

Additive Versus Multiplicative
Sttuations

Consider the following problem adapied {rom the book
Adding It Up (National Rescarch.Council, 2001).

Two weeks ago. two flowers were measured at 8 inches
and 12 inches, respectively. Today they are 11 inches
and 15 inches tall. Did the 8-inch or 12-inch flower
grow more?



@ Before reading further, find and defend wo different an-
STOP  swers to this problem.

s —

One answer is that they both grew the same amount—

3 inches. This correct response is based on additive reason-
ing. That is, a single quantity was added to each measure to
result in the two new measures. A second way Lo look at the
problem is to compare the amount of growth to the original
ileighl of the flower. The first fower grew 2 of its height
while the second grew 5. Based on this muluplicative view
( times as much more), the first flower grew more. This is a
proput tional view of this change situation. An abiliry fo nn-
derstand the difference between these situations is an indica-
tion of proportional reasoning,

Considerable research has been conducted to determine
how children reason in various proportionality tasks and to
determine if developmental or instructional factors are related
to proportional reasoning (for example, see Karplus, Pulos, &
Stage, 1983, Lamon, 1003 Lo & Watanabe, 1997: Noelting,
1080: and Post, Behr, & Lesh, 1988).

The research provides direction for how to help children
develop proportional thought processes. Some of these ideas
are outlined here.

1. Provide ratio and proportion tasks in a wide range of
contexts. These might include situations involving mea-
surements, prices, geometric and other visual contexts,
and rates of all sorts.

. Encourage discussion and experimentation in predict-
ing and comparing ratios. Help children distinguish
between proportional and nonproportional compar-
isons by providing examples of each and discussing the

1)

differences.

3. Help children relate proportional reasoning to existing
processes. The concept of unit fractions is very similar to
unit rates. Research indicates that the use ol a unit rate
[or comparing ratios and solving proportionsis the most
common approach among junior high students even
when cross-product methods have been raught. (This
approach is explained later.)

4. Recognize that symbolic or mechanical methods, such as
the cross-product algorithm, for selving proportions do
not develop proportional reasoning and should not be in-
toduced untl students have had many experiences with
intuitive and conceptual methods.

Tn 1989 the Cusriculum Standards noted that pro-

Standa(ds tance that it merits whatever e and cffort n‘xus}
velopment

portional reasoning “was of such great impor-

he expended o assure 115 <

TV, 1989 po 82 The emphasis on propo

N
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coning 1= similarly reflected m the 2000 Starndasds, The Prin-
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’
ciples and Standards authors have focused on the need for an
integrative approach, one that involves “percent, similarity,
scaling, linear equations, slope, relative frequency histograms,
and probability” (NCTM, 2000, p. 212).

Informal Acrivities 10 Develop
Proportional REASONING

Four categories of informal activities are suggested here: se-
lection of equivalent ratios, comparison ol ratios, scaling with
ratio tables, and construction and measurement activities.
Each provides a different opportunity for the development of
pl’OpOI’tiOH?ﬂ reasoning The acrivities are not in any defini-
tive sequence, nor are they designed to teach specitic meth-
ods for solving proportions.

Equivalent-Ratio Selections

In selection activities, a ratio is presented, and students select
an equivalent ratio from others presented. The focus should
be on an intuitive rationale for why the pairs selected are in
the same ratio. Sometimes numeric values will play a part to
help students develop numeric methods to explain their rea-
soning. In later activitles, students will be asked to construct
an equivalent ratio without choices being provided.

It is extremely useful in these activities to include pairs
of ratios that are not proportional but have a common differ-
ence. For example, ¢ and 2 are not equivalent ratios, but
the corresponding differences are the same: 8 ~ 5 = 12 = ©.
Students who focus on this additive relationship are not see-
ing the multiplicanve relationship of proportionality.

e ACTIVITY 18.T ==

Look-Alike Rectangles

Draw a collection of 13 rectangles on one sheet of pa-
per. Use a sheet of centimeter grid paper, and trace
the rectangles using whole-number measures for at
least one dimension of each rectangle. Make four rec-
tangles with sides in the ratio of 1 to 4, four in the ra-
tio 2 to 5. four in the ratio 5 to 8, and one square
! about midsize to the other 12 rectangles. Label the
rectangles A to M in a mixed order.

The task is to group the rectangles into three sets
of four that “look alike” with one “oddball.” When
they have decided on their groupings, stop and dis-
cuss reasons thev classified the rectangles as thev
did. Be prepared [or some students to try to match
sides or look for rectangles that have the same
amount of dilference between them. Do not evalu-
ate any rationale offered. Next have them measure
and record the sides of each rectangle to the nearest
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half-centimeter and calculate the ratios of the short
10 long sides for cach. You may want to preparc a lit-
tle worksheet as shown in Figure 18.3. Discuss these
results. and ask students to offer explanations. 1f the
TOUpPS are formed of proportiona] (similar) rectan-
les. the ratios within each group will all be the same.

o

ij=]

.
Look-Alike Rectangles

Group 1

Rectangle  Short Side Long Side Short + Long
Group 2

Rectangle  Short Side Long Side Short + Long

EIGURE 18.3 A recording sheet for “Look-Alike Rectangles”

From a geometric standpoint, “Look-Alike Rectangles”
ic an activity about similarity. The 1wo concepis—pro-
portionality and similariry—are closely connected. How-
ever, il the activity were done with figures other than rec-
rangles, the congruent angles of similar figures would defeat
the purpose.

Another feature of proportional rectangles can be ob-
served by stacking like rectangles aligned at ore corner, asm
Figure 18.4 Place a strmghtedgé across the diagonals, and you
will see that opposite corners also line up. I the rectangles are
placed on a coordinate axis with the common corner at the
origin. the slope of the line joining the corners is the atio of
the sides. Here 1s a connection between proportional reason-

ing and algebra.

vertical

1 Stope = ——
P horizontal
i
i
H
|

|
SN

FICURE 18.4 The slope of aline through a stack of
proportional rectangles is equal to the ratio of the two sides.

=
i
\
\
\
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ACTEVITY 18.2 R

Different Objects, Same Ratios
Prepare cards with distinctly different objects, as shown
in Figure 18.5. Grven one card. students are 1o select a
card on which the ratio of the two types of objects is the
same. This task moves students 10 a numeric approach
rather than a visual onc and introduces the notion of
ratios as rates. A unit rate is depicted on a card that
shows exactly one of either of the two types of objects,
For example, the card with three boxes and onc truck
provides one unit rate. A unit rate for the other ratio
is nat.shown. What would it be? Objects paired with
coins or bills is a way to introduce price as a ratio.

r T
CISS] e
IEEIET)
IS

Fer=r =
AT DD T
o o s

On which cards is the ratio of trucks to boxes the same?
Also, compare trucks to trucks and boxes 1o boxes.

FIGURE 18.5 Rate cards: Match cards with the same rate of
boxes per truck.

Comparing Ratios

An understanding of proporiional situations includes being
able 1o distinguish between two raios as well as 1o idenufv ihose
ratios that are ecuivalent. Consider the following problen:

Two camps of Scouts arc having pizza parties. The Bear
Camp ordered enough so that every 3 campers will
have 2 pizzas. The leader of the Raccoons ordered
enough so that there would be 3 pizzas for every 5
campers. Did the Bear campers or the Raccoon campers

have more Pi::'{\ to cat?

srithrne such as cross-products.

s
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S
(a)
L1
A K \ %
o O ¢ o O
A ? X f A X A%
Each gets % and % Each gets % and %
(b)
9 66  ©6 ®60 e0e
0001000000 | 0000000000
6 pizzas for 9 campers 6 pizzas for 10 campers

FIGURE 18.6 Two informal methods for comparing two ratios.

Figure 18.6 shows two different possibilities for infor-
mal methods.

When the pizzas are sliced up into fractional parts
(Figure 18.6a), the approach is to look for a unit rare—
pizzas per camper. A sharing approach has been used for
each ratio just as described for fractions in Chapter 15. But
natice that this problem does not say that the camps have
only 3 and 5 campers, respectively. Any multiples of 2 to 3
and 3 to 5 can be used to make the appropriate comparison.
This is the approach used in Figure 18.6b. Three “clones” of
the 2-t0-3 ratic and two clones of the 3-to-5 ratio are made
so that the number of campers getting a like number of pizzas
can be compared. From a vantage of fractions, this 1s like
getling common numerators. Because there are more campers
in the Raccoon ratio (larger denominator), there is less pizza
for each camper.

The following activity suggests some similar compari-
son tasks.

ACTIVITY 18.3 o mres =

Comparing Ratios
Pose problems to students that are similar to the fol-
lowing, Allow them to solve the problems in any man-
ner they wish as long as they can explain why their
answers make sense. Do not allow any algorithms
that the students cannot defend in the context of the
problem.

a. Terrv can run 4 laps in 12 minutes. Susan can run
2 laps in 5 minutes. Who is the [aster runner?

b. Jack and Jill were picking strawberries at the Pick
Your Own Berry Patch. Jack “sampled” 5 berries
every 25 minutes. Jill ate 3 berries every 10 min-
utes. 1f they both pick at about the same specd.
who will bring home more berries?

. Some of the hens in Farmer Brown’s chicken farm
lay brown eggs and the others lay white eggs.
Farmer Brown noticed that in the Jarge hen house
he collected about 4 brown eggs [or every 10 white

ones. In the smaller hen housc the ratio of brown
to white was 1 to 3. In which hen house do the
hens lay more brown eggs?

d. Talks-A-Lot phone company charges 70¢ for every
15 minutes. Reaching Out phone company charges
$1.00 for 20 minutes. Which company is offering
the cheaper rate?

e. Which rectangle is “fatter”: a3 x 5 rectangle or an
8 x 14 rectangle?

The suggested problems in Activity 183 are simply to
provide you with some ideas. You can easily make up your
own. You can alan change the numbers to make the tasks eas-
1er or harder.

Scaling with Ratio Tables

Ratio tables or charts that show how two variable quantities
are related are often good ways to organize information. Con-
sider the following table:

20 25

w

Acres 5 10 i

N
N
w

Pine trees | 75 150

If the task were to find the number of trees for 65 acres
of land or the number of acres needed for 750 trees, students
can easily proceed by using addition. That is, they can add 5
along the top row and 755 along the bottom row until the
problems are solved. Although this is efficient and orderly. it
is an additive procedure and does little as a task to promote
proportional reasoning. As illusiated in the next activity, the
instructional “trick” is 1o select numbers that require some
form of mulniplicative thinking.

— ACTIVITY 18.4 oo

Using Ratio Tables
Given a situation like one of the following, the task
is to build a ratio table and use it to answer the ques-
tion. Tasks are adapted from fLamon (1999, p. 183).

a. A person who weighs 160 pounds on Earth will
weigh 416 pounds on the planet Jupiter. How
much will a person weigh on Jupiter who weighs
120 pounds on earth?

b. At the local college. 5 out of every 8 seniors live
in apartments. How many of the 30 senior math
majors are likely to live in an apartment?

c. The tax on a purchase of $20is $1.12. How much
tax will there be on a purchasc of $45.50?

d. When in Australia vou can exchange $4.50 in U.S.
dollars for $6 Australian. ow much is $17.50
Australian in U.S. dolars?
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(a) +2 =2 =3
SN NN
Earth weighi i 160 ' 80 l 40 g 120
| i
{
Jupiter weight ! 416 ! 208 l 104 ,! 312
AAA
(b)
i
Earth weight | 160 I 80 l 40 120
| | | |
Jupiter weight [ 416 | 208 1104 I 312
(c) AAA
f_/\‘ﬁ
g xS
Earth weight i 160 i 20 } 100 I 120
Jupiter weight | 416 '52 260 } 312

FIGURE 18.7 160 pounds on Earth is 416 pounds on
Jupiter. If something weighs 120 pounds on Earth, how many
pounds would it weigh on Jupiter? Three solutions using
ratio tables.

The tasks in this activity are typical “solve the propor-
rion” tasks. One ratio and part of a second are given with the
task being to find the fourth number However, tasks such as
these should come long belore any formal approach is sug-
gested. Further note that in no case is it easy to simply add
or subtract to get to the desired entry. Rather, the student
should use a ratio table to solve the problem. Figure 187
shows three different wavs 1o solve the Jupiter weight task us-
mg ratio iables.

The format of these ratio tables 15 not at all important.
Some students may not use a table format at all and simph
draw arrows and explain in words how they got from one ra-
tio to another You mav find value in a more strucrured for-
mat. The following problem and the 1able in Figure 18.6 are
taken from Lamon (1900, p. 233) Notce that the numbers
are not “nice” at all

Cheese is $4.25 per pound. How much will 12.13
pounds cost?

ormal 16 just tat—a for-

¢ an algonthm. For any problem

Pounds [ Cost ! Notes )
A 1 4.25 Given |
B 10 42.50 Ax10
C 2 8.50 Ax2
D 0.1 0.425 A=+10
E 12.1 51.425 B+C+D y
F 0.01 0.0425 D+10 -
G 0.03 0.1275 Fx3
H 12.13 51.5525 E+G

FIGURE 18.8 A more structured ratio table. The notes
column ShO\{VS what was done in each step. The task is to find
the cost of 12.13 pounds.

there are likely to be several different reasonable rano tables,
In applving this technique, students are using multiplicative
relationships to transform a given ratio into an equivalent ra-
tio. As Lamon points out, the process is not at all random
Students should mentally devise a plan for getting from one
number to another Consider the following problem:

How many pounds of grass seed can be purchased for
$18 if you can buy 28 pounds for $35?

Before reading further, write down a plan for moving from
STOP 2510 18, Then create a ratio iable using your plan to solve
the problem. Compare your strategy with someane else’s, or try to find

another one vourself.

One possible plan {or getting from 35 1o 18 as {ollows:
35+ 5157, 7 x 2is 14, (Now vou need 4 more.y Go back
o7 7 = Tis 11 X 4is 4. Now add 4 and 14 to make 18
When these same steps are applied ic 28. the foregoing prob-

—

tem 13 solved.

The tasks suggesied in Activity 18 4 have quite reason-
able numbers. However, as vou can see {rom the cheese ex-
ample, 3t s quite possible 10 use this technique with almost
any numbers. By using easv muliples and divisors, often the
artthmetic can be done meniall

Ay ratio table, even a quite simple one such as vou

r
HE

md m texthooks, provides data tha can be graphed.

naridies mn the

axis correspond 1¢ one of th
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1 FIGURE 18.9 Graphs show ratios
of sides in similar rectangles.
16 S
/
o 14 e ?
512 |
o T 4to 12
210 AT 4 12
3 /
;) LT 3109 9
6
4 P
& .
2 o 1 to 3 (unit ratio)
vd N
1 2 3 4 5 6 7 8

Short side

s ACTIVITY 18.7 ! . that they are on the graph as well. Note that the slope

Graphs Showing Ratios of any line through the origin is a ratio.

Have students make a graph of the data from a collec-
tion of equal ratios that they have scaled or discussed.
The graph in Figure 18.9 is of the ratios of two sides
of similar rectangles. If only a few ratios have actually
been computed, the graph can be drawn carefully and
then used to determine other equivalent ratios. This
is especially interesting when there is a physical model
to coincide with the ratio. In the rectangle example.
students can draw rectangles with sides determined by

Graphs provide another way of thinking about propor-
tions, and they conmect proportional thought to algebraic in-
terpretations. All graphs of equivalent ratios fall along straight
lines that pass through the origin. If the equation of one of
these lines is written in the form v = mx, the slope m is al-
ways one of the equivalent ratios. Figure 18.10 shows the
graph of the prices of widgets.

the graphs and compare them to the original rectan- ; wd
gles. A unit ratio can be found by locating the point on Construction and Measurement Activities
the line that is directly above or to the right of the : In these activities, students make measurements or construct
number 1 on the graph. (There are actually two unit physical or visual models of equivalent ratios in order to pro-
ratios for every ratio. Why?) Students can then use the vide a tangible example of a proportion as well as look at nu-
unit ratio to scale up to other values and check to see meric relationships.

FIGURE 18.10 Graph of

4 —
I~ price-to-item ratios.
3|
0 -
s L
£ n (6 widgets, $2.04)
= T
©
2 -
& L
T U
034 — | i g~ Unit price ;
i n ! ! : i
1 2 3 4 5 §]

Widgets
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e ACTIVITY 18.6

Different Units, Equal Ratios

Cut strips of adding machine tape all the same length.
and give one strip 10 cach group in your class. Fach
group is Lo measure the strip using a different unit. Pos-
sible umits include different Cuisenaire yods, a piecc of
chalk, a pencil, the edge ol a book or index card, or stan-
dard units such as snches or centimeters. ‘When every
group has measured the stip, ask for the measure of one
of the groups, and display the unit of measure. Next,
hold up the unit of measne nsed by another group, and
have the class compare it with the first unit. See if the
lass can estimate the measurement that the second
group found. The ratio of the measuring units should be
the inverse of the measurements made with those units.
For example, il two umnits arc in a ratio of 2 to 3, the re-
spective measures will be in a ratio of 3 to 2. Examine
measurements made with other units. Finally, present
2 unit that no group has used, and sec if the class can
predict the measurement when made with that unit.

Activity 18.6 can be profitably extended by provid-
Bt 118 each group wiih an identical set of four strips of

quite different lengths. Good lengths might be 2C.
50, 80, and 120 cm. As before, eacl group measures the strips
using a different unit.

This time, have each group enter data into a common
spreadsheet. { Alternatively. share group data so that all groups
can enier data on thewr own spreadsheetsﬂ Figure 18.11
chows what a spreadsheet might look like {or three groups

FIGURE 18.11

A spreadsheet can be used to
record data, create tables of
interesting ratios, and produce

bar and circle graphs. trip 1
Spurce: Screent reprinied with . Sifikngut
Strip 3

pernussion {from Apple Compuier. inc

— ] V"AW

1 | stipt 1 06,
|z | swpz o 06
{20 | sip3 o 06
el swipd 00
|
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Four stri

ithin Ratios.

wwueablor

e

A template can be prepared ahead of ume. ot students can

create therr own spreadsheets. Almost all spreadsheets will of-

{er a variely of graphing options. In this acuvity, bar graphs
show the aciual measurements for cach group and circle
graphs show each measure i ratic 1o the sum of the measures
(i.c.. aperceniage of (olal measures.

Once the graphs are completed. there are nUMETONs Cp-
portuniiies 0 abserve and explore proportions The bar
graphs. though different. all look “alike.” Since the arcle
graphs illustraie the ratios rather than the actual measure-
ments. they will be dentical or nearly so. Within ratios {for
a set of swips! and between 1atios Lone umit 1o another’ are
casily calculated with the spreadsheet ( Wiithin and berween
ratios are discussed later in the chapter.)

Continue the exploration by introducing a new suip. 1
you know its measure with any one of the unite, what will its
measure beswith the other anits? Similarly. if a new unit of
easure is introduced, how can the measures of the sirips be
determined? Can this be done by comparing the new unit
with an old one? 1f a known sirip 1s measured with the new
unit. can all other measures and ratios be determined?

Bar graphs and circle plots are also easily made with a Ti-
73 graphing calculator 1 technology is not available, this
same activity can be done by hand. To make circle graphs, use
the hundredths disk in the Rlackline Masters.

The connection between proportional reasoning and the
geometric concept of similarity 1s very nmportant. Similar fig-
ures provide a visual representation of proportions. and pré—
portional thinking enhances the understandimng of similarity.
Whenever similarity is discussed , ratios in the figures should

Almost certainly be explored. The next two aclivities are

- . -
aimea at this connection.

N

T

} o

B suip 1 ]

E suip 2 o i },

Cisuipa T

Unit A UnitB UnitC B strip 4 S



Informal Activities to Develop Proportional Reasoning 307

I

Use a metric ruler

» Choose two lengths on one boat
and form a ratio (use a calculator).
Compare to the ratio of the same
parts of the other boats.

» Choose two boats. Measure the
same part of each boat, and form a
ratio. Compare with the ratios of
another part.

» Compare the areas of the big sails
with the lengths of the bottom sides.

FIGURE 18.12 Comparing similar figures drawn
on grids.

ACTIVITY 18.7 ===

Scale Drawings

On grid or dot paper (sce the Blackline Masters),
have students draw a simple shape using straight
lines with vertices on the dots. After one shape is
complete, have them draw a larger or smaller shape
that is the same as or similar to the [irst. This can be
domne on a grid of the same size or a different size, as
shown in Figure 18.12. After completing two or three
pictures of different sizes, the ratios of the lengths of
different sides can be compared.

Corresponding sides from one ligure to the next
should all be in the same ratio. The ratio of two sides
within one figure should be the same as the ratio of
the corresponding two sides in another figure.

ACTIVITY 18.8 s
Length, Surface, and Volume Ratios

A three-dimensional version of Activity 18.7 can be
done with blocks. as shown in Figure 18.13. Using 1-
inch or 2-cim wooden cubes, make a simple “build-
mg.” Then make a similar but larger building, and
compare measures. A different size can also be made

using different-sized blocks. To measure buildings
made with dilferent blocks, use a common unit such

i

as centimeters.

Activities 18.7 and 18.8 involve area and volume as well
as length. Comparisons of corresponding lengths, areas. and
volumes in proportional ligures lead 1o some interesting ratios.
If two figures are propottional (similar), any two hnear di-
mensions you measure will be in the same ratio on each, say,
1 to k. Corresponding areas, however, will be in the ratio of 1
to k*, and corresponding volumes in the ratio of 1 to k. Try
this with some constructions of your own.

As a means of contrasting proportional situatdons with
additive ones, {ry starting with a ligure on a grid or a build-
ing made with blocks and adding two units to every dimen-
sion in the figure. The result will be larger but will not look
at all the sama. Try this with a simple rectangle that is 1 cm
by 15 cm. The new rectangle is twice as “thick” (2 cm) but

Similar “buildings” can be made by changing the number of blocks in
each dimension (factor of change} or by using dilferent-sized blocks.

FIGURE 18.17% similar constructions.
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Connected Mathemarics

Grade 7, Comparing and Scaling o
Q : Problem 3.1 -
g }n\{EStlgatlon 3 : Companng and i Arvind and Mariah tested four juice mixes
Using Ratios . o
@) ; ; Mix A 5 Mix B ,
: : 2 cups concentrare ] 1 cup concentrate |
1 Context : o 3 cups cold waner | § s cups cobd warer
: SO S |
e Tvec oA On CerT . eele ol 1he uni , _— —
0 Thisinvesugation occurs in the second week of the unit on e ‘ T
’ 9 ratio and proportions. In earhier activities. students explored : < Cups concentrale |3 cups concentrane {
= rauosand percents Lo compare survey data from large pop- b cups cold e | (2 Cups cold waier !
N srh el lar o ’ - - ey . ; :
& ulations with similar data gaLhC]ed from thew own class . A Which revipe will make juice that is the most “orangey”™ Explain your answer
Students used fractions, decimals. and percents Lo express ¢ B. Witich recipe will make juice that is the least “orangey™? Eyplain your answer |
rauos. and they COlﬂ]}a]‘@d ratios US]ﬂg their own SLI'ﬂ[@giGS ! €. Assume that cach camper will get ;’ cup of juice. For each reeipe, how much
concentraie and how much water are necded 16 make juice for 240 cimperst
[ : Explam vour anwer
Task Description L . )
The problem shown here is introduced in the context of stu-
dents deciding on the best mix of juice for a camping trip. P NN NP

Within the same investigation are two siimilar prob-

lems that are paraphrased here: From Connected Mathematics: Comparing and

Scahng: Ratio, Froportion, and Percent. @ 2002 by

la. A can of tomatoes will make sauce for 510 6 carmpers. Wiichigan State University, Glenda Lappan, James T.
How many cans should be purchased to make spaghetti Fey, William M. Fitzgerald, Susan N. Friel, and Eliza-
for 240 campers? Five cans cost $4. How much will beth Difanis Phillips. Published by Prentice Hall.
the cans of tomatoes cost? Used by permission of Pearson Education, inc.

2a. 1 pizzas are shared evenly, will a camper get more
pizza sharing 4 pizzas with 10 campers or 3 pizzas

with 8 campers? The full unit contains six investigations, each with nu-
2b. The ratio of 10-seat tables to 8-seat tables is 810 5. 1f merous real contexts. Scaling, the use of unit rates, and
there are just enough tables {or all 240 campers, how percentages are suggesied techniques. However, ne par-
many of each type are there? ticular method 1s forced on the students,
enlv 2 bit longer. It will not appear to be the same shape as AB=2.0cm
the original. ° O———0 ° ° ° e
= A B
\  Dvnamic geometry software such as The Geometers . ~ o
\ i s /4 . i N i o O ® 3 °
bt Sketchpad (Key Curriculum P]iess‘ offelsva verv eflec- c CD=4.0cm D
tive method of exploring the idea of raio. In Figore
.3 - w e L ° L e ® ° ° °
18.14. two lengths are drawn on a grid using the “snap-to-grid
option. The lengths are measured, and tewo ratios are computed.
e . N . 1 ) ° Y ° ® 'y ° © e
45 the length of either Iine is changed, the measures and ra- AB CD _ .,
; i : ——=05 ST = 2
tios are updated instantly. A screen symilar io this could be used cD LB
< 1At P o oA A < e 1t 11 . - ° L3 ° © L3 L3 ° ©
to discuss ratios of lengths as well as inverse ratios with vour
fali class. In this example. notice that the second pair of lines .
has the same difference but that the ratios are not the same. A ° ° ° ° ° ° ° °
3 ]?( : S TV o ] o prepare for e 'PTE'} CaC A —
similar drawing CQU]d he prep ncdﬁnu the overhead on rans . EF = 5.0 cm
parenicy of a centimeter dot gnd i soliware was not availahle Ve —e ° © e °
A , E F
the man em- ~
le I d :
ade. I the
; o G GH=7.0cm H
erghih grade. the proporuonal concepis ave applied through-
et the cwrneutum The sampie v ON Hhs page is sim- FIGURE 18.14 Dynamic geometry-software or just a
dar e the companng rauo ide: s hove read ahowg carlier centimeter grid can be used to discuss ratios of two lengths.
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' “Attenuion to developing [lexibility in working
NCTM with rational numbers contributes to students’
Standards  understanding of, and facility with, proportion-

ality. Facility with proportionality involves much
more than setting two ratios equal and solving for a missing
term. It involves recognizing quantities that are related pro-
portionally and using numbers, tables, graphs, and equa-
tions to think about the quantities and their relationship”
tp. 217).

Solving ProOpoRrIions

The activities to this point have been designed to lead stu-
dents to an intuitive concept of ratio and proportion to help
in the development of proportional reasoning.

One practical value of proportional reasoning is to use
observed proportions to find unknown values. Knowledge of
one ratio can often be used to find a value in the other. Com-
parison pricing, using scales on maps, and solving percent-
age problems are just a few everyday instances where solving
proportions is required. Students need to learn to set up pro-
portions symbolically and to solve them.

Within and Between Ratios

When examining two ratios. it is sometimes useful to think
of them as being either within ratios or between ratios. A ratio
of rwo measures in the same setting is a within ratio. For ex-
ample. in the case of simlar rectangles, the ratio of length to
width for any one rectangle is a within ratio, that is, it is
“within” the context of that rectangle. For all similar rectan-
gles, corresponding within ratios will be equal

A between ratio 1s a ratio of two corresponding measures
in dilferent situations. In the case of similar rectangles, the ra-
tio of the length of one rectangle to the length of another is a
between ratio; that is, it 1s “between” the two rectangles. For
two similar rectangles. all of the between ratios will be equal.
However, the between ratios for each pair of similar gectan-
gles will be dillerent.

-

Consider three rectangles A B and C A measures 2 x 6,

ST _ - L
2128 Bmeasures 3 x 9, and Cmeasures 8 « 24, Find the within

Tatio for each rectangle. This should convince you that the rectan-
gles are similar. New examine the between ratios for A and 2 andfor
Aeand C Why are these ratios different?

Figure 18.5 (p 3027 showe six piciures of tucks and

bo,

SAOAN

s

- The withim ratios are nucks 1o baxes twithin one plc-

twre) The between ratios are rom trucks to trucks and hoxes
to boxes Be sure that vou can dhstinguish within and between
fatics m that higure

The simple drawing v

R
Oy RYRINEE sy 1ot <
ot lockang ar two ranos o

Between
7 B S —
[ .

Within / Within
N AP -
AN

- Between
Within; 2 = 2
. B b
Between: A = B
a b

FIGURE 18.1%7 Given a proportional situation, the two
between ratios and the two within ratios will be the same.

or within. A drawing similar to this will be verv helpful to stu-
dents in setting up proportions. Pick any two equivalent truck
and box pictures and place the numbers in this figure.

An Informal Approach

Traditional textbooks show students how to set up an equa-
ton of two ratios involving an unknown, “cross-multiply,”
and solve for the unknown. This can be a very mechanical
approach and will almost certainly lead to confusion and er-
ror. Although you may wish eventually to cover the cross-
product algorithm, it 1s well worth the tme for students to
find wavs to solve proportions using their own ideas first
Il you have been exploring proportions informally, stu-
dents will have a good foundation on which to build their
wn approaches

To illustrate some intuitive approaches for solving pro-

portions, consider the following rasks:

Tammy bought 3 widgets [or $2.40. At the same price.
how much would 10 widgets cost?

Tammy bought 4 widgets for $3.75. How much would a
dozen widgets cost?

Before reading further, NS using an

21op e 1o vou.

approach for each thal seen

=i determine the

Mg can be
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found bv ¢
ing this wut rate of $0.8C per widget by 10 w

sroduce the

answer. This approach is referred 10 as a unit-rate method of

solving proporuons. Notice that the unit rate is a
I3 the second pmlﬂ 11, a unit-rate approach could |
used. but the div VS i
nmluple of 4. 11 1s casier 1o nouce that the cosi of a dozen
s 5 umes ihe cost of 4. This is called a factor-of-changc
method. It could have been used on the first problem bui
been awkward. The {actor of change between 3

~ 1
= will produce the cor-

vould have
and 1015 3+ Muluplying $2 40 by 3
rect answer. Although the factor-of-change method i< a use-
ful wav to think about proportions, it s most frequently used
wherr the mambers are compatible. Students should be given
problems in which the numbers lend themselves 1o both ap-
proaches so that they will explore both methods The factor

of change 1s a hetween ratio.

For each of the {ollowing two problems, place the num-
bers i a liule drawing of two ratios in Figure 18.15. Solve
each problem. Think about within or between ratios match-
ing up. Do not use cross-muliiplication.

At the Office Super Store, you can buy plain #2 pencils,
four for 59 cents. The store also sells the same pencils
in a large box of 5 dozen pencils for $7.79. How much
do you save by buyving the large box?

The price of a box of 2 dozen candy bars is $4.80. Bridget
wants to buy 5 candy bars. What will she have 1o pay?

To solve the pencil problem. vou might notice that the
between ratio of pencils to pencils is 4 to 60, or 1 10 15. 1f
vou muluply the 59 cents by 15, the factox of change, you will
get the price of the box of 60 if the pencils were sold at Lhe
same price. Inn the candy problem, the within ratic of 24 to
54 .80 1s easy to use to get the unit rate of 20 cents per candy
bar. But what do you do il the numbers dont “come out
nicely” like they do in these problems?

T]} solving the same problems-with new numbers that do
not work out se easily. If you are having difficuliv with the
new problems, discuss them with a friend

Tiy the foliowing problem. ake a little sketch as before, and
5TOP  yse a technique you have figured out yourse. (Do this now

sding On.)

Brian can run
running al lhc same speed. how far can he run in

5 lan in 18.4 minutes. 1f he keeps on

23 minuies

1ding the price of ihree vudg( s bv 3 Muluph-

The first suuanon for vour skeich is Brians 5.k T
(3 km and 164 munates) The second situation 1= (he Ui
knovwmn distance and 23 minutes There are at least wo 1y m
vou might consider. and one is no easter than the other You
could loolk ai i
der 1o find a factor of change That ic, what df» ou muluply

ie between raiios of minutes Lo minutes 11 Or-

184 by 1o get 237 On the calculator. compuie 23 + 18 4 4
get 1.25, the factor of change. Now 5k % 12515625 Ly
The second possibility is 1o get a unit rate for the 5 oy

and muluply by 23. That would mean divide both the 5 and
the 164 by 184 (like simplifying a fraction 10 a denomins.
tor of 1. The caleulaior vields 0.2717391, or abow 0.27 oy
perminute. Muluply this unit raie by 23 minutes and vou get
62409993 ki tn both cases, the longer distance is ¢ J Fm

What 1s importani here is to see how 10 use muliplica
1on 1o solve the proporiional situation. Further, niotice that
the calculations are based on ideas alreadv developed. The
sketch of the twe ranos helps keep things straight and aveid
any ambiguous cross-muliiplying.

[

The Cross-Product Algorithm

The methods just described come close to being well-defined
algorithms, though theyv are a bit more flexible than cross-
product methods. The realitv is that the computations in-
volved are exactly the same as in cross-multiplication. Yet
some teachers may still want to teach cross-multiplicanon

Draw a Simple Model

Given a ratio word problem, the greatest difficulty students
have is setting up a correct proportion or equation of twe ra-
tios, one of which mcludes the missing value. “Which {rac-
tions do 1 make? Where does the x go?”

Rather than drill and drill in the hope that thev will
somehow eventually get it. show students how to skeich a
simple picture that will help them determine what parts are
related. In Figure 18 16, a simple model is drawn {or 2 tyvpi-
cal rate or price problem. The two equations in the figure
come from seiting up within and between ratios.

Apples are 3 pounds for 89 cents. How
much should vou pay for 5 pounds?

5 pounds
3 pounds pf_\\\

/—\ N - ™
89 cents ' ncents w

\

S~ ///
\_/_,/
Within ratios or Between ratios
3 pounds _ 5 pounds Zpounds 89 cents
89 cents rncents 5pounds  ncenis

FIGURE 18.T6 A simple drawing hé!ps in a price-to-ratio
problem.
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Solve the Proportion

Examine the left twithin) ratios in the same way as for Brians
5. %m race: Find out what to multiply the left fraction bv to
et the right To do this, we would divide 5 by 3 and then
multiply that result by 89:

x 89

wiw

[ ooking at the same left equation in Figure 18.16, we could
Also determine the unit price or the price for 1 pound by di-
viding the 89 cents by 3 and then multiplying this result by
5 to determine the price of 5 pounds:

i)
3
Now look what happens if we cross-mulriply in the original
equation:

3n=5x89

5 % 89

n= ——

3

This equation can be solved by dividing the 5 by 3 and mul-
tiplying by 89 or dividing 89 by 3 and multiplying by 5
These are exactly the two devices we emploved in our more
intuitive approach. I you cross-multiply the between ratios,
you get exactly the same result. Furthermore, you get the
same Tesuh if you had written the two ratios inverted, that is,
with the reciprocals of each fraction. Try it!

So if vou want to develop a cross-product algorithm, it
s not urireasonable 1o do problems like these while encour-
aging students to use their own methods. 1f you write out the
computations involved, a very small amount of direct teach-
ing can develop the cross-product approach. But why hurry?

In Figure 18.17, a problem involving rates of speed is
modeled with Dlmpk lines representing the two distances.
The distance and the tme for each run are modeled with the
same line. You cannot see time, but it fits into the distance
covered. All equal-rates-of-speed problems can be modeled
this way. There really is no significant difference from the

Jack can run an 8-km race in 37 minutes. if he runs
at the same rate, how long should it take hirm to run

5-km race?

— —
|
{
j 8 km 5 km
- | f |

i N } H X i

37 min. X min. h

[ v,#ﬁ,,;ﬂ_,_______»_,;__.}

Within ratics Between ratios

Bkm _ 5km 8 km _ 37 min.

37 min. xmin. 5km ~ xmin.

FIGURE 18.17 Line segments can be used to model both
time and distance.

drawing used [or the apples. Again, it is just as accepiable io
write between ratios as within ratios, and students need nci
worry about which one goes on top as long as the ratios are
written in the same order. The model helps with this difficulty:

Activities Leading to Proportions

In the preceding discussion, simple rate problems were used
to help studenis develop a technique for solving proportions.
The next two activities illustrate other common uses ol pro-
portional reasoning.

ACTIVITY 18.9

Scale Drawings

Provide students with a drawing of a simple geomet-
ric figure, including its dimensions. The task is to cre-
ate a new drawing that is either larger or smaller than
the given one. One dimension of the new drawing is
specified (see Figure 18.18 for an example). Students
can set up between or within ratios and determine the
other dimensions by solving the proportion.

rénlargement

How fong? X

30
How long? Y
Within ratios Between ratios
28 X 1930 28 _ 19 19 _44
197 30 44" Y X 30 307 Y

FIGURE 18.18 Pictures help in establishing equal ratios.

This scale dmmng activity is sormewhat simpiistic, but it
provides students with the essential ideas for setting up pro-

poruons Here are some more D'ILGYCS[H}g situations to consider:

® 1f vou wanted to make a scale model of the solar system

[

and use a Ping-Pong ball for the carth. how far away
d

should the sun be? How large a ball would vou need?
@ scale should be used to draw a scale map of vour
¥ PO SOME Interesung region’ so ‘1 at 1wl nicely i
onto a4 standard piece of poster board?
# Use he scale on amap to estimate the distance and wavel
ame rwo pomts of interest
# Roll atov car down a ramp. tming the tip wih a stop-

< the car traveling m miles per hour

o the car, how fast
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www.abiongman.co

& Sour hite sister wants @ table and chair for her doll Her
aollis 14 inches iall How bie should vou make the wable?

P

& Delermine the various distances that o ten-speed bike

the sprockei teeth on the front and back gears

o
travels i one ium of the pedals. You will need 1o connt
1

Have vou ever wondered how scienusie estimaie the
number of bass 11 & Jake or the number of monarch butterfhes
that migrate each vear to Mexico? One method ofien used is
a-capture-recapiure technique modeled in the nex activity.

ceee o ACTIVITY 18.10 -

Capture-Recapture ,

Prepare a shoebox [ull of some uniform small object
such as centicubes or plastic chips. You could also use
a larger box filled with Styrofoam packing “peanuts.”
If the box is your lake and the objects are the fish you
want to count, how can vou estimate the number
without actually counting them? Remember, if they
were fish, vou couldn’t even see them! Have a student
reach into the box and “capture” a Tepresentative
sample of the “fish.” For a large box, vou may want
to capture more than a handful. “Tag” each fish by
marking it in some way-—marking pen or sticky dot.
Count and record the number tagged. and then return
them to the box. The assumption of the scientist is
that tagged animals will mix uniformly with the
larger population, so mix them thoroughly. Next,
have five 1o ten students make a recapture of fish
from the box. Each counts the total captured and the
number in the capture that are tagged. Accumulate
these data.

Now the task is to use all of the information 1o es-
timate the number of fish in the lake. The recapture
data provide an estimated ratio of tagged to untagged
fish. The number tagged to the 1otal population
should be in the same ratio. After solving the pro-
portion. have students count the actual items in the
box to see how close their estimate is,

Foramore detailed description of the “Capuure-Recapiure”
actiany see the NCTh Addenda Series bool Understanding

Rational Numbcrs and Proportions (Curcio & Be-uk 1 ooy,

Percent Problems as Proportions

Percent has H’:K]IUO]'JIEH} been micludec

and Proporgon i,)(“(,ﬁi,lS(‘ percent 1s one ]r(‘TIP; Q5 TENO, Gnart-

whole rane. In Chapter 17,11 was showr tha TIErCent

s can be connected e raction concepis Heve the

s

0ole HACUON concept o POICCIT W

Lo and Preparuaon cong

1

Fon o A
UITACHON S, aconm

Lenis

micgrated. The bt

Within ratios
Part 3 (fourths)

(twelfths)

9]
Whole 4 (fourths) 12 ltwelfths)

FIGURE 18.19 Equivalent fractions as proportions.

connect these ideas. the more {lexible and useful their rea.
suniug and problem-solviig skills will be.

Equivalent Fractions as Proportions

First consider how equivalent {ractions can be nterpreted as
a proporfion using the same simple models already used n
Figure 1819, a line segment is partitioned in two differen:
ways: in fourths on one side and in twelfths on the other In
the previous examples, proporuons were established hased on
two amounts of apples, two differen: distances of runs. and
two different sizes of drawings. Here only one thing 1s mea-
sured—the part of a whole—but it is measured or parutioned
two wavs in fourths and in twelfihs.

The within ratios are ratios of part to whole within each
measurement. Within ratios result in the usual equivalent
fraction equation, ¢ = i (3 fourths are 10 4 fourths as
9 wwelfths are 10 12 twellths). The between proportion
cquates a part-to-part ratio with a whole-to-whole ratio. or
- =5 (3 fourths are 10 O twelfihs as 4 fourths are to 12 twelfihs,

A simple line segment drawing similar 1o the one in Fig-
ure 18.19 could be dravm 1o set up a proportion to solve anyv
equivalent-fraction problem, even ones that do not result in
whole-number numerators or denominators. An example is
shown 1o Figure 18.20

L

Car you interpret these fractions?

FIGURE 18.20 solving equivalent-fraction problems as
equivalent ratios using cross-products.
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Percent Problems

All percent problems are exactly the same as the equivalent-
fraction examples. They involve a part and a whole measured
in some unit and the same part and whole measured in hun-

dredths—ithat is, in percents. A simple line segment drawing

can be used for each of the three types of percent problems.
Using this model as a guide, a proportion can be written and
solved by the cross-product algorithm. Examples of each type
of problem are shown in Figure 18.21.

It is tempung to teach all percent problems in this one
way. Developmentally. such an approach is not recom-
mended. Even though the approach is conceptual, it does not

in 1960, U.S. railroads carried 327 million passengers.
Over the next 20 years, there was a 14 percent decrease in
passengers. How many passengers rode the railroads in 18807

(———327 million Decrease
: |
1
1

5 86
100

Part unknown

-

N ___ 86 _ggg

" 327 million ~ 100
N =0.86 x 327 million — about 281 million

Sylvia’s new boat cost $8950. She made a down payment of
$2000. What percent of the sales price was Sylvia’s down
payment?

8950

. ZOOO—i ‘
:L ; ; Percent (fraction)
s unknown
— [
‘ 100 :

$2000 _ N

$8950 ~ 100

8950N = 200,000 — N = 22.35, or about 22%

The average dressed weight of a beef steer is 62.5 percent
of its weight before being slaughtered. If a dressed steer weighs
592 pounds, how much did it weigh “on the hoof”?

‘ X
e 5D e
_i —l ¥ {
F L ~ ! Whole unknown
! ! "
625 § '
- 100 :
5921, _62.5
X ih. ~ 100

62.5X =59,200 — X' = 947.2. or about 950 ib.

FIGURE 18.21 The three percentage problems solved by
Setting up a proportion using a simple line segment model.

rranslate easily to intuitive ideas, mental arithmetic, or esti-
mation as discussed in Chapter 17. The modeling and pro-
portion approach of Figure 18.21 is suggested onlv as a way
to help students analyze problems that may verbally present
some difficulty. The approach of Chapter 17, which relates
percent to part-whole fraction concepts, should probably re-
ceive more emphasis.

@w Technology Note

You have already seen how spreadsheets can be used to cre-
ate tables and compule Tatios. Dynarmic geometry programs
allow figures to be scaled to larger or smaller sizes by using
either a specified ratio or the dilation fearure. This provides
an excellent connection between the concepts ol similarity
and proportion.

Very fesv computer programs specifically address the is-
sue of proportionality. CampOS Math (Pierian Spring Soft-
ware, 1996) has an activity called the Color Mixer in which
the concept of ratio is applied to the mixing of red, green, and
blue light to create new colors. By way of example, the stu-
dent may be asked Lo set the color mixer so that the blue light
is at 30 percent intensity and R:G (the ratio of red to green)
= 5:9. There is some potental confusion between types of ra-
rios. The program provides a somewhat realistic use of ratio
and some minimal problem solving. &

Literature CONNECTIONS

Literature brings an exciting dimension to the exploration of
proportional reasoning. Many books and stories discuss com-
parative sizes; concepts of scale as in maps; giants and minia-
ture people who are proportional to regular people;
comparative rates, especially rates of speed; and so on. A
book may not appear to explore proportions, and the author

may not have had that in mind at all, but comparisons are the
stuff of many excellent stories and are at the heart of propor-
tional ideas. The suggestions here are intended to give vou an
idea of what vou might look for.

If You Hopped Like a Frog
Schwartz, 1999

David Schwartz, the author of How Much Is a Million? and If
You Made ¢ Million. has found some wonderhh n‘lathcn’mucs
in nature with this new heok Here Schwartz uses propoer-
tional reasoning o determine what it would be like if we had
the powers or dimensions of familiar amimals. “Uf vou hopped
like a frog. vou could ju

one mighiyv leap " This
matng proporions i vou were as sirong as an

mp from home plate 10 first base in
short preture book contams 12 of

these [a
ant .. . ilvou fheked vour tongue like a chameleon cand

so on. At the end of the book, Schwartz provides some foc-

al data on . proportions are based. The book could

be tead at least twace i the start of a lesson, and studer
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could find ther own comparsoens o calculate Thisis a won-
derful conmection to science. There 1s no reason the cempar-
1s0ns need be berween animals and bumans as in this boalk
The tov-car Lo cenlocar ratio is an example of comparisons stu-
dents could be encouraged 1o explore using ihis delightful

book as a springboard.

Counting on Frank

Clement 1991

We will refer to this wonderful book again when we discuss
measurement in Chapter 19 1t1s hard to imagine that more
mathematice could sprmg from 24 puages mostly covered with
pictures. But the ideas appeal 10 all ages. and the potennal for
sood investigaiions is clearly there for older children. The nar-
rator and his pet dog, Frank estmate, figure, and ponder -
tevesting facts, usually about large numbers in odd setings
(enough green peas 1o be level with the kitchen tabletop) But
three spreads of the book are wonderful fantasies of propor-
tione that could easily mspire an entire unit of proportional

reasoning proj ects

“1f 1 had grown at the same speed as the tree—06 feet per
vear—T1d now be almost 50 feer talll” How fast do we
grow? What if we kept growing at the same rate? How
old is the narrator? How old would he be when he is
75 feet wall?

If the mosquito that bothers him were 4 million: times
bigger . . . What would any common object be like il
it were a million times bigger?

17 the toaster that shoots toast 3 feet in the air were as big
as the house . ..

The Borrowers
Norton, 1953

This is the classic tale of litde folk lving m ihe walls of a
house The furnishings and implements are created from odds
and ends from the full-size human world. The potenual to
make scale comparisons 1s endless.

A similar tale unfolds in Shel Silverstein’s poem “One
Tnch Tall” (19743, in which voware invited Lo mmagine being
1 inch wll

A1 the other extreme are stories about glants and di-
nosaurs. but the concepts of ccale are similar. Suppese that a

IReflecrions on Chaprer 18

Writing to Learn

1. Describe ihe idea of a raiio m yow

Lo des fie with each of the {ollow

(1o 1€ a rauo.

- ,,\,\A,“,,,,,~v.</‘,
s compate things that @i nov at ok

deo Fanloin how

man.Com/vanas

Lani were 16 feet wall. or three tmes the height of a tall man

fte)

R
411 lincar dimensions (arm spar, foot length. etc.) would also
hree times that of the man. But the surface area would be

B}

[INeY

e

%% o1 O umes as large, and the giants volume and hence his
weaght would be 3% or 27 nmes as much as the mans. That
would make the giant weigh about 5400 pounds. With a
crose-sectional area of the bones only & times more, the bones
would not be able to hold the weight. This 1s one reason

there are no real g?ﬁﬂli, B

AsSESSMENT INOTES

As you worfs, with vour students in solving proportional rea-

soning tasks, it will be useful for you to think about the type
of reasomng that students arc using

¢ Do thev distinguish between proportional situations and
additive or nonproportional ones?

@ Arve thev flexible m the way that they attempt 10 solve
proportions? A nonflexible or algorithmic approach, even
if correct. may signal that a student is simply following
rules.

& Aye there differences m thinking about different types of
proportional situations? For examiple, discrete (count-
able) items In a Proporuen are somelimes easier to deal
with than continuous guantities such as time, distance,
or volume.

& Do students seem to understand rates (miles per hour,
inches per vard, dollars pex pound) as ratios? How stu-
dents deal with these 1deas reflects the development of
their proportional thinking.

Keep in mind that proporuonal reasoning develops
slowly over the middle school vears. A first unit of two or
dhree weeks duration in the sixth grade will not be enough
for most children o develop true proporiional thought. Tt will
be useful 1o collect anecdotal evidence related to the questions
just listed. 1f most of your studenis seem to be at the begin-
ming levels of proportional thought, acuvities involving se-
lection of equal ratios, consiructions, and scaling will be more
weeful than harder proporiion problems. Using numbers that
lend themselves to easy relationships will also make it easier
for students to describe different methods for solving pro-
portion tasks. B

¢. Ratios Can cony

d. Rates such as prices 07 Speeds are ranes.

TN

(=]

CWhatis 2 propor ach of the staternenis inieny 1. G

an cxampie of ¢ o give an example of @ compals

150N that s addiv 1 pRropoey nonal
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3. Much of this chapter is about activities that help students ob-
serve ratios and develop proportional reasoning abilities. These
activities were grouped into four categories:

a. Selection of equivalent ratios
. Comaparisons of ratios
. Scaling activities using ratio tables

oo o

. Construction and measurement
For each of these four categories, pick one activity presented
in the book that you did not do as part of your class experiences.
Do the activity and briefly describe how you think the activiry
would contribute to students’ proportional reasoning.

4. What can you say about the graph of a collection ol equivalent
ratios?

5. Make up a realistic proportional situation that can be solved by
n factor-of-change approach and anather thar ean he solved by
a unit-rate approach. Explain each.

6. Consider this problem: If 50 gallons of fuel oil cost $56.95, how
much can be purchased for $100? Draw a sketch o illustrate
the proporttion, and set up the equation in two dilferent ways.
One equation should equate within ratios and the other be-
rween ratios.

7. Make up a realistic percentage problem, and set up a proportion.
Draw a model to help explain why the proportion makes sense.
Hlustrate how this method could be used for any of the three
types of percentage problems.

For Discussion and Exploration

1. Examine a teacher’s edition of a basal textbook {or the sixth, sev-
enth, or eighth grade. How is the topic of ratio developed? What
1s the emphasis? Select one lesson, and write a lesson plan that
extends the ideas found on the student pages and actively in-
volves the students

2. In Chapter 17, the three percent problems were developed
around the theme of which element was missing—the part, the
whole, or the fraction that related (he two. In this chapter, per-
cent is related to proportions, an equality of two ratios with one
of these ratios a comparison to 100. How are these two ap-
proaches alike? Do you prefler one or the other?

Recommendations for Further Reading
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resemch-based, and thought-proveking hook . 1
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Lamon. Anyone serioushy mrterested in the
ortional reasoming ncr‘(k o

7 vehame v

madies Teaching m the Mmcih Sehnel. 6, 2
[

would

rmei fnd the Lamon book just mentioned and

overview of ey ideas in ashort artcio ten iy

a0
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A good article on a difficult Lopic.
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