
Solutions to Odd-Numbered
Section Exercises

BXERCISBS FOR CHAPTER 1

Section 1.1: Describing a Set

1.1.

1.3.

1.5.

Only (d) and (e) are sets.
(a) lÁl : 5, (b) lBl : 11, (c) lCl : s1, (d) lDl : 2, (e) lEl : 1, (Ð lFl :2
(a) A : {-1,-2,-3,...} : {x eZ: x < -1}
(b) B:{-3,-2,...,3}:{xeZ: -3<x <3}:{x eZ: lxl<31
(c) C: {-2,-1,1,2}: {x eZ: -2 < x <2,x l0l:{x e Z: 0 <lxl <2\
(a) A: Í..',-4,-1,2,5,8,...): {3x*2: xeZ}
(b) B : {..., -10, -5,0,5, r0,...} : {5x : x ez}
(c) C : {1,8,27,64,125,...} : {"3 : x e N}

1.7.

Section 1.2: Subsets

1.9. Letr:min(c-a,b-c)andletl:(c-r,c]-r).Thenliscenteredatcandlc(a,b).
1.11. See Figure 1.
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Figure 1 Answer for Exercise 1 .1 I

1.13. P(A): {Ø, {0}, {{0}}, A}
r.ts. P(A) : {Ø, {0}, {Ø}, UØ}}, {0, Ø}, {0, {Ø}1, {Ø, {Ø}}, t}; l2(Á)l : 8
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Section 1.3: Set Operations

t.t7 (a)Au B :{r,3,5,9, 13, 15} (b)A.B :{9} (c)A-B :{1,5, 13}

(d) B - A:13, 15Ì (elÃ: {3.7. ll.15} (fl A n a: {1.s. 13}

Let A : tI,zj, B : {1, 3}, andC : {2, 3}. Then B I C bur B - A : C - A : {3}

(a) and (b) are the same, as are (c) and (d)

See Figures 2(a) and (b) below.

1.19.

1.21.
1.23.
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Figure 2 Answers for Exercise 1'23

Section 1.4: Indexed Collections of Sets

1.25. LetU : {1,2,...,8},,4 : {1, 2,3,5}, B : \1,2,4,6}' and C : \l'3'4"7}
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Figure 3 Answer for Exercise 1.25

1.27.

1.29.
U".rX : AU BUC : {0, 1,2,...,5} andll".rX : A. B ¡C : {2}'
Sin." t¿t :26 ancl lA*l : 3 for each a e A,we need to have at least nine sets of cardinality 3 for their union to

beA; thatis,inorderfor[Jo.rA,:A,wemusthavelSl >9'However'ifweletS:{a'cl'g'j'm'p's'v'y}'
then [Jo., Ao : A. Hence the srnallest cardinality of a set S with lJo., A" : A is 9'

(a) {4,},.N,where 4,, : {x e R : 0 < ¡ < Iltt} : lO'Ilnl.
(b) {4,},.N, wheLe 4,, : {a e Z: lal < n}: l-n, -k - 1), ...,(n - l)'rtl'

1.31.
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Section 1.5: Partitions of Sets

1.33. (a) Sr is not a partition of A since 4 belongs to no element of ,S1.

(b) Sz is a partition of A. Sz can be written as {{1, 2}, {3, 4, 5}}.
(c) Sc is not a partition of A because 2 belongs to two elements of 53 '

(d) S¿ is not a partition of A since Sa is not a set of subsets of A.
1.35. A: {1,2,3,4}. S1 : {{1}, {21,{3,4}} and 52 : {{1,2}, {3}, {4}}.
1.37. LetS : {Ar, Az, Aù,whereA1 : {x e Q : x > 1}, A2 : {x e Q : x < 1},and A3 : {1}.
1.39. LetS:{Ar,Az,Az,A¿},whereAy:{xeZ'.xisoddandxispositive},A2:{xeZ:xisoddand"ris

negative, A3: {x eZ:xiseyenandx isnonnegative},A¿: {x eZ: x isevenand.x isnegative}.

Section 1.6: Cartesian Products of Sets

1.41. Ax B: {(x,x),(x, y), (y,¡), (y,y),(z,x),(z,y)}.
1.43. P(A):ÍØ,{a},{bl,A},AxP(A):{(a,Ø),(a,{aÐ,(a,{b}),(a,A),(b,Ø),(b,{al),(b,{bI),(b,A)}.
1.4s. P (A) : {Ø, $}, {2}, A}, P (B) : {Ø, BI, A x B : {(1, Ø), (2, Ø)},

P(A) xP(B): {(Ø,Ø),(Ø, B),({t}, Ø), ({l}, B),({2},Ø),({2J, B),(A,Ø), (4, B)}.

1.47. s:{(3,0),(2,r),(1,2),(0,3),(-3,0),(-2,1);(-1,2),(2,-t),(1,-2),(0,-3),(-2,-1),(-r,-2)}.
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(r,:2)

(0, -3)

Figure 4 Answer for Exercise 1.47

EXBRCISES FOR CHAPTER 2

Section 2.1: Statements

2.1. (a) A false statement (b) A true statement (c) Not a statement (d) Not a statement (an open sentence)

(e) Not a statement (Ð Not a statement (an open sentence) (g) Not a statement

2.3. (a) False. Ø has no elements. (b) True (c) True
(d) False. lØ]hasØ as its only element. (e) True (f) False. I is not a set.

2.5. (a){xeZ:x>21 (b){-xe Z:x<21
2.7. 3, 5, 11, l7 , 41, 59
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Section 2.2zTIne Negation of a Statement

2.9. See Figure 5.

Pa *P -a
T T F F
T F F T

F T T F

F F T T

Figure 5 Answer for Exercise 2.9

Section 2.3: The Disjunction and Conjunction of Statements

2.11.
2.13.

(a) True, (b) False, (c) False, (d) True, (e) True.

(a) All nonempty subsets of {1, 3,5}. (b) A1l subsets of {1' 3, 5i.
(c) There are no subsets A of S for which (-p14¡) n (-0(A)) is true.

Section 2.4: Tll.e Implication

2,15. See Figure 6.

P A -P P+Q P+ -P

Figure 6 Answer for Exercise 2.15

2.17, (a) (P ¡ Q) + n :fi vA isrational and I is rational, then rÆis rational. (True)

(b) (p n O) + (-R) :If J2isrational anO I is rational. then .,/3 is not rational. (True)

(c) ((-p) 
^ Q),+ R:If Jl is not rational and ] is rational, then .,,/3 is rational. (False)

(¿) (p v 0) + (-R) :fi J2isrational or t is rational, then .,/3 is not rational. (True)

Section 2.5: More On Implications

2.1g. (a) p(.r) + 8Q):If l.rl:4,rhen¡ :4. P(-4)+ QeÐ isfalse. P(-3)+ 0(-3)istrue. P(1) + Q0)
is true. P(4) + QØ) is true. P(5) =+ 0(5) is true.

(b) P(x) + QQ)'.lf x2 :16, then lxl:4. True for all x e S'

(c) P(;r) =+ Q@): If -x > 3, then 4x - I > 12. True for all x e S.

2.21, (a) True for (x, y) : (3, 4) and (.r, y) : (5, 5), false for (r' y) : (1, - 1).

(b) True for ("r, y) : (1,2) and (x, y) : (6, 6), false tbr (x, v) : (2' -2).
(c) True for- (x, y) e {(1, -1), (-3,4), (1,0)} and false for (¡' v) : (0' -1)'

Section 2.6: The Biconditional

2.23. (a) -P(x) : x I -2. True if :r : 0,2.
(b) P(x) v QQ)'. x : -2 ot x2 :4. True if x : -2,2.
(c) P(x) n QQ) '. x : -2 and x2 : 4. Tllue if x : -2.

T FT T F
F F TT F

T T T TF

TF F T T
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(d) P(x) + Q@): If .r : -2, then x2 : 4. True for all x.
(e) Q@) + P(¡) : If x2 : 4, then x : -2. True tf x : 0, -2.
(Ð P(x) + Q@) i x : -2 if and only if x2 : 4. True if x :0, -2.

2.25. x is odd if and only if "r2 is odd.

That ¡ is odd is a necessary and sufficient condition for.x2 to be odd.

2.27. (a) True for (x, y) € {(3,4), (5,5)}. (b) True for (x, y) e {(1,2), (6,6)}
(¡, y) e {(1, -1), (1,0)}.

2.29. (i) P(l) + Q0) is false; (ä) 8Ø) + P(4) is true;
(iii) P(2) ê R(2) is true; (iv) O(3) <+ R(3) is false.

(c) True for

Section 2.7: Tautologies and Contradictions

2.31. The compound statement (P A (- QÐ ¡ G n O) is a contradiclion since it is false for all combinations of
truth values for the component statements P and Q. See the truth table below.

2.33. The compound statement ((P + Q) ¡ (Q + R)) + (P + rR) is a tautology since it is true for all
combinations of truth values for the component statements P, Q, and.R. See the truth table below.

((P +
^(Q 

+ +
Section 2.8: Logical Equivalence

2.35. (a) See the truth table below.

Since -(P v Q) and (-P) v (-0) do not have the same truth values for all combinations of truth values

for the component statements P and Q, the compound statements -(P v Q) and (-p¡ v (-Q) are not
logically equivalent.

(b) The biconditional -(P v Q) <+ ((-P) v (-Ø) is not a tautology, and so there are instances when this
biconditional is false.

2.37. The statements Q and (-Q) + (P A (-P)) are logically equivalent since they have the same truth values for
all combinations of truth values for the component statements P and Q. See the truth table below.
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Section 2.9: Some Funclarnental Propertics of Logical Ec¡uivalcnce

2.3g. (a) The srater.nent P v (Q n R) is equivalent to (P v Q) ¡ (P v R) since the last two columns in the ttuth

table of Figure 7 are the same.

P Q R PVQ PVR AR PV 8^A) (Pv8)^(PvÃ)

Figure 7 Answer for Exercise 2.39(a)

(b) The sratenÌent -(P v Q) is equivalent to (-P) A (-Q) sir.rce the last two columns in the truth table of

Figure 8 at'e the same.

P -P *A Pv PVQ) -P

Figure 8 Answer for Exercise 2'39(b)

2,41. (a) x and )) are evelÌ only if rf is even.

(b) If;ry is even, then ¡ and )' are everl.

(c) Either at least one of¡ and )' is odd ot'xf is even'

(d) "r ancl l ale even and ¡)' is odd.

Section 2.10: Quantified Statements

2.43.

2.45.

2.47.

2.49.

V¡ e S, P(-r) : For every odd integer,t, the integer ¡2 + I is even.

l¡ e .!, 0(r) : There exists an odcl integer-t such that x2 is even.

(a) There exists a set A such fhat Aa A + Ø.

1b.) For evely set A. we have Ã g 
'q.

(a) False, since P(1) is false. (b) True, fbr exarnple, P(3) is true.

(a) 3a, b eZ, ab < 0 ancl a I b > 0.

(b) Vr, ) € R, -'r I .y irnplies that 12 * )'2 > 0.

(c) Folall integers a andbeithelaó > 0 ora + å < 0.

There exist real nttmbers .r and ¡' such that r I .l' ancl ¡2 + .y2 < 0'

(d) Va,be Z,ctb >0ot'r¡*å<0.
lx,1' e R,-t I l'ancl .r2 + )'2 < 0'

TT T TT T T T
TF TT r TT tr

TT TT T T TF
FF FT F Ttr F
TF TF T TT T
TT F TT F F T
FF Ftr T FF T
FF F Ftr F tr F
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2.51. Let S : {3, 5, 11} and P(s, r) : s/ - 2 is plirne.
(a) Vs, t e S, P(.r, t).
(b) True since P(s, f) is true for all s, ¡ e S.

(c) ls, r e S, -P(s, r).
(d) There exist s, r e ,S such that sf - 2 is not prime
(e) False since the statement in (a) is true.

Section 2.11: Characterizations of Staternents

2.53. An integel n is odd if and only if ¡2 is odd.
2,55. (a) a characterization. (b) a chalacterization. (c) a characterrzation.

(d) a characterization. (Pythagorean theorem) (e) not a characterization. (Every positive number is the area of
some rectangle.)

EXERCISES FOR CHAPTER 3

Section 3.1: Ti'ivial ancl Vacuous Proofs

3,1. Proof Sincex2-2xI2:(x- l)'+i:=1,itfollowsthaf x2-2x]_2I0forallr€R.Hencerhe
statemelìt is true trivially. I

3.3. Proof.Notethat¿tt:| +].Ifr >l.thenr+ir1;whileifO<r<1,then1>1andsor+|>1.
Thus Lll < I is false for all r e Q+ and so the statement is true vacuously. r

3.5. Proof 'Si*"rt -2n*l:@:D2 > 0,itfollows rharn2 ]_l> 2nandso,r-F j > 2.Thusthestaremenris
true vacuously r

Section 3.2: Direct Proofs

3.7. Proof Let x be an even integer. Then ,r : 2a fbr some integer a. Thus

5x - 3 : 5(2n) - 3 : 104 - 4 + 1 : 2(5a - 2) -f 1

Since 5a - 2 is an integer, 5x - 3 is odd.
Proof Let I - n2 > 0. Then n : 0. Thus 3n - 2 : 3 . 0 - 2: -2 is an even integer.

Proo/ Assume that (n -l l)2(n + D2 /4 is even, where ¡r e S. Then n :2.For n :2,
@ + 2)2(n + 12 I 4 : 1oo, which is even.

3.9.
3.11.

Section 3.3: Proof by Contrapositive

3.13. First, we plove a lemma. Lemma Let n ç Z.lf 15ttis even, then n is even.

(Use a proof by contrapositive to verify this lemma.) Then use this lemma to prove the result.
Proof of Result Assurne that 1 5¡l is even. By the lemma, ¡¿ is even and so ¡r : 2a for some integer a. Hence

9n : 9(2a) :2(9a).

Since 9a is an integer,9n is even. r
[Note: This result could also be proved by assuming that l5n is even (and so 15n : 2a for some integer a) and
observing fhaf 9n : l5n - 6n : 2a - 6n.l

3.15. Lemma Let¡ e Z.lf 7x *4 is even, thenx is even. (Useaproof by contlapositive to verifythis lemma.)
Proof of Result Assurne thaf I x l4 is even. Then by the lemma, x is even and so x : 2a for some integer a.
Hence

3x - 1l :3(2a) - 11:6a- 12-ll:2(3a -6)+ t.
Since 3a - 6 is an integer, 3¡ - I I is odd. r

3.17. The proof would begin by assuming Íhat" n2 (n + D2 /4 is odd, where ,? € .S. Then n : 2 and so

n2(tt - l)2 14: I is odd.
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2' # 5t .Thus20,2t,...,2'-t e S*.Since20 +2t+...12'-t :2' -l,itfollowsthatif welet

S¿11 : (S¿ U {2'}) - {20,2t,...,2'-t]t,

then l,-*, . i : k ! 7 : m,producingacontradiction.?rerk+l

Section 6.4: The Strong Principle of Mathematical Induction

6.33. Conjecture A sequence {ø,, } is defined recursively by a1 : l, a2 : ), and tt,, : a,,-1 * 2an-2 for n > 3. Then

a, :2,'-t for every positive integer r.
Proof We proceed by the Strong Principle of Mathematical Induction. Since a¡ : 1, the conjecture is true for
n: l. Assume thata¡:2i-t'for everyintegerl with 1 < i < k,whereÀ e N. We showthat a*+t:2k.Since
at+t: a2:2:2t,it follows thata¡¡t:2k for k: 1. Hence we may assume thatft > 2' Thus

ak+t: ÕkI2a¡-r:2k-t *2'2k 2 -2k-t ¡2k-r

-1.1k-l-1k

The result then follows by the Strong Principle of Mathematical Induction. r
6.35. (a) Thesequence{^fl,}isdefinedrecursivelybyFr: l,F2- l,andF,: F,-rI F,-2forn>3.

(b) Proof We proceed by the Strong Principle of Mathematical Induction. Since F1 : I is odd and 3 | 1, it
follows that2 | F¡ if and only if 3 | 1 and the statement is true for n : 1. Assume fhat2 | F¡ if and only if
3 | I for every integer I with I < i < k and k e N. We show that2 | F¡,a1 if and only if 3 | (¿ * 1). Since

Fz: Ft+t: l and 3 X2,the statementistrueforfr: 1. Hencewemay assume thatk > 2. Wenow
consider three cases, according to whether k + 1 :3q,k -l 1 :3q I 1, orft * l:3q -l 2 for some

integer 4.
Casel.klT:3q.Thus3 [kand3 X(k- l).Bytheinductivehypothesis, F¡andF¡,-1 areodd.Since
F*t : Fr I Fçt, it follows that Fr+r is even.

Case2.k-ll:3q*l.Thus3lkand3 X(k- 1).Bytheinductivehypothesis,FrisevenandF¡-1 is

odd. Since F*+t : F* * F*-t, it follows that F¡11 is odd.

Case3.k+'l:3q-l 2.Thus3 / kand3l(k - 1).Bytheinductivehypothesis, F¿ isoddand Fr-r is
even. Since Ft +t : Ft * Fçt, it follows that F¡*1 is odd.

By the Strong Principle of Mathematical Induction, 2 | F,, if and only if 3 | n for every positive

infeger n. r
6.37. Proof WeusetheStrongPrincipleof Mathematicallnduction. Since 12 :3.4+ 7.0, the statementistrue

whenn:12.Assumeforanintegerk>12thatforeveryintegerlwith12<i<k,thereexistnonnegative
integers (i and b such that i : 3a * 7b. We show that there exist nonnegative integers x and y such that

k + I : 3x -f 1 y. Since 13 : 3 . 2 + 7 . I and 74 : 3 . 0 + 7 . 2,we may assume that k > 14. Since

k -2> 12,there exist nonnegative integers c andd such that k -2:3c *7d. Hence k a I :3(c + l) +7d.
By the Strong Principle of Mathematical Induction, for each integer n > 12, there are nonnegative integers a

and å such fhat n : 3a -f 'l b. I

EXERCISBS FOR CHAPTER 7

Section 7.2: Revisiting Quantified Statements

7.1. (a) LetSbethesetof alloddintegers andlel"P(n):3n*l iseven. Yne S,P(n).
(b) Proof LeTn € S.Then n:2k -| l forsomeintegerfr.Thus 3n*1:3(2k+l)1-l:6k*4:

2(3k + 2). Since 3ft * 2 is an integer, 3n * I is even.

7.3. (a) Let P(n): n"-t is even. Vrz e N, P(n).
(b) Note that P(1) is false and so the statement in (a) is false.

7.5. (a) Let P(m,n)in <m <2n. Yn €N-{1},1meZ,P(m,n).
(b) Prool Let n > 2be aninteger and letm : n * 1. Since n > 2, itfollows that n < n I I :

m <n+2<n*n:2n.
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7.9.

7.11.

7.13.

7.15.

(a) Let P (m, n): (n * 2)(m - 2) > 0. Yn e Z, Jm e Z, P (m, n).
(b) ln e Z,Ym €2,- P(m,n).
(c) Let n:2.Then(n -2)(m -2):0.(m -2):0 forallrz e N.
(a) Let P(ct,b,x):lbxl<aandQ@,b):lbl<a.Yaç N,låe Z,(Q@,b)n(Yx e R,P(4,å,¡))).
(b) Proof Leta e Nandletå:0.Then lbxl:ç <afor everyrealnumberx.
(a) Let P(x, y,n): x2 * !2 -,r. ùt e Z, V.r, y e R, P("r, y, n).
(b) Proof Lef n :0. Then for every two real numbers -r and y, x2 + y2 > 0 : n.
(a) Let P(cL,b,n): a < j < b. )a,b e Z,Yn e N, P(a,b,n).
(b) Proof LeÍa:Oan¿¿:2.Thenforeveryll €N,¿z:0. i <2:b.
(a) Let S be the set of odd integers and P (a, b, c): abc is odd. Va, b, c e S, P (a, b, c).

(b) Leta,b,andcbeoddintegers.Thena:2x*l,b:2y* l,andc:22* 1,wherex,y,z€Z.Then
show that o6ç : (2x + l)(2y -l l)(22 * 1) is odd.

7.17.

7.23.

7.25.

7.27.

7.29.

7.41.

7.31.
7.33.
7.3s.
7.37.
7.39.

Section 7.3:'I'esting Statements

7.19.
7.2t.

The staternent is true.

Proof Since each of the following statements

P(1) + Q0) :If 7 is prime, then 5 is prime.
P(2) =+ QQ):lf 2 is prirne, then 7 is prime.
P(3) + QQ):lf 28 is prime, then 9 is prime.
P Ø) =+ Q(Ð : If 8 is prime, then 1 1 is prime.

is true, Vn e S, P(¿) â 00¿) is true. I
This statement isfalse. Letx:1. Then 4x *7 :11is oddand¡: 1 is odd. Thusx: 1is acounterexample.

This statement is tlue.
Proof Let x be an even integer. Then x : 2n for some integer n. Observe fhat x : (2n -l 1) + (- l). Since ¡z

is an integer', 2n I I is odd. Since -1 is odd as well, bolh2n * I and -1 are odd. I
This statement is false. Ler. A: {1,2,3} and B : {2,3}. Then A¿ B : U,2,3} and (A U B) - B : {1} + A.

Consequently, A : {1, 2, 3} and B : {2, 3} constitute a counterexample.

The staTement is true.

Proof Considertheinteger35.Then3*5:8isevenand3.5:15 isodd. I
Thestatementisfalse.Lef x:3andy:-1.Thenlx+yl :13+(-1)l :l2l:2andlxl+lyl :
l3l + I - 1l : 3 + I : 4. Thus lx + ll * l-rl + lyl. So x : 3 and y : -1 is a counterexample.

The statement is false. We show that there is no real number ¡ such that x2 < x < x3.

Supposethatthereisarealnumberx suchthat¡2 <x <x3.Sincex2 > 0,itfollowsthatx > 0.Dividing
x2 <x <x3byx,wehavex < 1<¡2.Thus0 <x < landx2 > l,whichisimpossible. r
The statement is true. For a :0, any two real numbers b and c I 0 satisfy the equality.
Thestatementisfalse.Notethat x4 +x2 + I > I > 0foreveryx e R.

The statement is false. Neither of the explessions $+ or å is defined when ¡ : 1 or.x : -1.
Tlre statement is false. Let x : 6 and y :4.Then z:2.
The staternent is true.

Proo;f Assnmethat A - B :Ø folevery set B. Let B :Ø.Then A - B: A-Ø: A:Ø. r
The statement is true.

Proof LetAbeanonemptyset.Let B: A.ThenA - B: B - A:Ø. SolA - Bl:lB -Al :0. I
The statement is false. Observe that 4 : 1 I 3.

The statement is true. Consicler c : I and d :2b + L

'Ihe statement is tlue. Fol each even integer r, n : n 10.
The statement is false. Consider A : {1}, B : {2}, and C : D: {1,2\.
The statement is true. Let " 

: J2 anci å : 1.

The statement is true. Consider the set B : S - A.
The statement is false. Let A : {1} and B : I2}. Then {1, 2I cP(A U B) but {1,2\ çP(A)OP(B).
The srarement is false. Consider A : {1}, B : Il,2}, and C : {l}.

7.43.
7.45.
7.47.

7.49.
7.51.
7.53.
7.55.
7.57.



7.59.

7.61.
7.63.
7.65.
7.67.
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The statement is true. Observe that at least two of a, b , and c are of the same parity, say a and å are of the same

parity. Then a * ó is even.

The statement is false. Consider a : 2 and c : 7.

The statement is false. Consider n : 1.

The statemenr is true. Let x : 51 and ) : 50. Then ¡2 : (51)2 : (50 + 1)2 : (50)2 + 2 . 50 + 1

The statement is true.

Proof Letp be an oddprime. Then p : 2k + 1 forsome t e N. For a : k * 1 and b : k,

a2 - b2 : (k+ D2 - k2 : (k2 +2k + l) - k' :2k -l l: p. r

EXERCISBS FOR CHAPTER B

Section 8.1: Relations

8.1. dom n : {a, å} and ran R : {s, ¡}.
8.3. SinceAxA:{(0,0),(0, 1),(1,0),(1, 1)}andlAxAl :4,thenumberof subsetsof AxAanclhencethe

numberof relations onAis2a:16.Fourof these16relations areØ,A x A,{(0,0)},and{(0,0),(0, 1),(1,0)}.

Section 8.2: Properties of Relations
8.5. The relation R is reflexive and transitive. Since (a, r/) e R and (d, a) 4 R, it follows that R is not symmetric.

8.7. The relation R is transitive but neither reflexive nor symmetric.

8.9. TherelationRisreflexiveandsymmetric.Observethat3 ^R l and1R0but3 ¡R0.ThusRisnottransitive.
8.11. The relation R is symmetric and transitive but not reflexive.

8.13. The relation rR is reflexive and symmetric. Observe that - I R 0 and 0 R 2 but -1 ß 2.Thus R is not transitive.

Section 8.3: Equivalence Relations
8.15. Proof Sincea3:a3foreachaeZ,itfollowsthaÍ.aRaandR isreflexive.Leta,beZsuchrhataRb.

Thena3 :b3 andsoå3: a3.Thus b Raand R issymmetric.Leta,b,c €Zsuchthaf a Rbandb R c.Thus

ct3 : b3 andb3 : c3. Hence a3 : c3 and so a rR c and ,R is transitive. I
Let a, b e Z. Note thaf a3 : b3 if and only if a : å. Thus lal : {n} for every a e Z.

8.17. There are three distinct equivalence classes, namely t1l : {1, 5},12): {2,3,6}, and [4] : {4}.
8.19. Proof Assumerhata Rb,c Rd,andaRd.Sincea RbandRissymmetric,bRa. Similarly,d Rc.Because

b Ra,a Rd,and R istransitive, b Rd.Finally,sinceb R d andd R c,itfollowsthatå R c,as desired. r

Section 8.4: Properties of Bquivalence Classes

8.21. LetR:{(v,v),(w,w),(x,x),(y,y),(z,z),(v,w),(w,v),(.r,y),(y'x)}.Thenlvl:{v'w},lxl:{-r,v},and
[z] : {z} are three distinct equivalence classes.

8.23. Observe that2 R 6 and 6 R 3, but 2 ,R 3. Thus R is not transitive, and so ,R is not an equivalence relation.

8.25. Proof Lef x e Z. Since 3x - 7 x : -4x : 2(-2x) and -2x is an integer, 3x - 7 x is even. Thus ¡ rR x and Ã

is ¡eflexive.
Next, weshowthat rt is symmetric. Letx R y, where x,y €2. Thus 3¡ -7y is even and so 3r - 7y:2o

for some integer a. Observe that

3y - 1x - (3x -1y) - llxl lOy : 2a - llx * 10y : 2(a - 5x I 5y)'

Since a - 5x t 5y is an integer, 3y - 7x is even. So y R x and ^R is symmetric.

Finally, we show that R is transitive. Assume thatx R y and y R z, where x,y, z e Z.Then3x -7y and

3y -72 are even. So 3¡ - 7y :2o and3y -72:2b, where a, b e Z. Addingthese two equations, we obtain

(3x - 7Y) + (3y - 1z):3, - 4Y -72:2a I2b

and so 3x - 7 z : 2a * 2b -l 4y : 2(a -l b * 2y). Since a + b + 2y is an integer, 3x - 'l z is even. Therefole,
x R z and R is transitive. ¡

There are two distinct equivalence classes, namely, tOl : {0, +2, +.4,. . .} and tll : {+1, +3, +5, . . .}.

I


