MATH 110 Lecture notes — 10

Propositional functions of several variables
and nested quantifiers

Propositional functions (open sentences) can be functions of two or more variables.
In this case we can use two or more quantifiers with them.

It is important to realize that the order of quantifiers makes a difference.

Example 1. Let the propositional function F(x,y) denote the statement that = and
y are friends (let the domain of this function be the set of all people in the world).

The proposition Vz3yF(z,y) means that everybody has at least one friend. The
propostition JyVa F'(z,y) means that there is a person who is friends with everybody.

Example 2. Let P(z,y) denote the proposition “x < y” where z and y are real
numbers (where the domain for both variables is the set of all real numbers). Then

Jr3yP(x,y) means “there exist real numbers z and y such that = < y”. This
is a true statement. For example, z = 3 and y = 4 satisfy z < y.

VzIyP(z,y) means “for any real number x there exists a real number y such
that x < y”. This is also a true statement since for any = we can choose
y = x + 1, and then the condition x < y is satisfied.

JxVyP(x,y) means “there exists a real number x such that for any real number
y we have z < y”. This is a false statement since for any x, the number y = x—1
does not satisfy the condition x < y. Thus there doesn’t exist an x for which
all y will satisfy the given condition.

VaVyP(x,y) means “for any real numbers x and y we have x < y”. This is
also a false statement. For example, the pair x = 3, y = 2 does not satisfy the
condition =z < y.

Propositions with negations can always be written so that negations appear only
within predicates (that is, so that no negation is outside a quantifier or an expression
involving logical connectives), for example:

~(pAg) =PV g
~(pVa)=-pAg
=V P(x) = Jx—P(z)
—3JxP(z) = Va—-P(x)



Exercises

1. Translate the statement
Va(C(z) vV Iy(Cly) A F(z,y)))
into English, where C(x) is “z has a computer”, F/(z,y) is “x and y are friends”,

and the domain for both x and y is the set of all students at your university.

2. Let F(x,y) be statement “z can fool y”, where the domain for both variables
is the set of all people in the world. Use quantifiers to express each of the
following statements:

(a) Everybody can fool Fred.

(b) There is no one who can fool everybody.
(c) Everyone can be fooled by somebody.

(d) Tim can fool exactly two people.

(e) There is exactly one person whom everybody can fool.
(f) No one can fool himself or herself.

3. Let Q(z,y) be the statement “z+y = x —y”, and the domain for both variables
is the set of integers. Find the truth values of the following statements. Explain.

(a) Q(2,0)

(b) YyQ(1,y)
(c) VaIyQ(z,y)
(d) Vy3zQ(x,y)
(e) FyVaQ(z,y)

4. Rewrite each of the following statements so that negations appear only within
predicates.

(a) =VavyP(z,y)
(b) =vyva(P(z,y) v Q(z,y))
(¢) ~(3gV2P(x,y, 2) A Iy P(s, 9, 2))
5. Express the definition of the limit lim f(z) = L using quantifiers.

T—ra

6. Express the definition of a convergent sequence aq, as, ... using quantifiers.



Solutions

1. Every student at my university has a computer or has a friend who has a
computer.

2. (a) VaF(z, Fred)
(b) ~JaVyF(x,y) or VaIy—F(x,y)
(¢) Yy3zF(x,y) or YaIyF (y, )
(d) Jz3ly(x #y A F(Tim,x) N F(Tim,y)) or
Jzdy(x # yAF(Tim, ) NF(Tim, y) AN(Vz(F(Tim, z) = (z = xVz =1y))))
(e) yVaF(x,y) or AxVyF(y, x)
(f) =3z F(z,z) or Ya—F(x,x)
3. (a) True because 2+ 0 =2 — 0 is true.
(b)

b) False because “for every y, 1 +y =1 — y” is false: for example, if y = 1,
then 2 # 0.

(c¢) True because for any = we can take y = 0, then x + 0 =z — 0 is true.
(d) False because for example if y = 1, there is no x such that z +1 =z — 1.

(e) True because if y = 0, then for any = we have x + 0 = = — 0.
Note. Statements (c) and (e) are not equivalent a priori! (c) says that for
any x we can find a y such that Q(z,y) is true. It is possible that we will find
different values of y for different values of x. While (e) says that there is a value
of y that works for any =x.

4. (a) “VaVyP(z,y) = Jx—-VyP(z,y) = Jody—P(x,y)

(b) ~Vyvz(P(z,y) v Q(z,y)) = y—Vz(P(z,y) v Q(z,y))
JyFz—(P(z,y) vV Q(z,y)) = Fy3((-P(z,y)) A (-Q(z

(¢) “Va(IyVzP(z,y, z) A IVyP(z,y, 2)) =
Jr—(IYVzP(z,y, 2) A I2NVyP(x,y,2)) =
Jz((—-FYVzP(z,y,2)) V (-32VyP(z,y, 2)))
Jz((Vy—VzP(z,y,2)) V (V2=VyP(z,y, 2)))
Jz((Vy3z—P(z,y,2)) V (VzIy—P(z,y, 2)))

5 The definition is as follows: the limit lim f(x) = L if for any positive ¢ there
r—a

)

exists a positive § such that for any z € R, 0 < |z—a| < 0 implies | f(z)—L| < e.
Now we rewrite this definition using quantifiesrs:

Ve((e>0)=35(6>0N0<|z—a|l|<d=|f(z)—L| <e)))
(where € and 0 are real numbers). This can also be written a bit shorter as:
Ve>030>00<|z—al<d=|f(x)—L|<e).
3



6. The definition is as follows: the sequence ay, as, ... converges to a number L if
for any positive number ¢ there exists an (integer) index N such that for any
n> N, |a, — L| < e. We rewrite this definition using quantifiers:

ILVe((e > 0) = (ANVn((n > N) = (la, — L| < €))))

(where L and ¢ are real numbers, and n and N are natural numbers). This can
also be expressed as:

dLeRVYe>03IN eNVn>N la, — L| <e.



