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10.7 Planar Graphs 725
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FIGURE 14 (a) The Petersen Graph, (b) a Subgraph H Homeomorphic to K33, and (¢) K3, 3.

EXAMPLE 9 s the Petersen graph, shown in Figure 14(a), planar? (The Danish mathematician Julius Petersen
studied this graph in 1891; it is often used to illustrate various theoretical properties of graphs.)

Solution: The subgraph H of the Petersen graph obtained by deleting b and the three edges
that have b as an endpoint, shown in Figure 14(b), is homeomorphic to K3 3, with vertex sets
{f.d, j} and {e, i, h}, because it can be obtained by a sequence of elementary subdivisions,
deleting {d, h} and adding {c, h} and {c, d}, deleting {e, f} and adding {a, ¢} and {a, f}, and
deleting {i, j} and adding {g, i} and {g, j}. Hence, the Petersen graph is not planar. 4

Exercises
1. Can five houses be connected to two utilities without con- 7. a b 8. a b
nections crossing?
In Exercises 2—4 draw the given planar graph without any hel c
crossings. f c
g d
2. * 3,
/ e d Foooe
9.
4.

.

10. Complete the argument in Example 3.

11. Show that K5 is nonplanar using an argument similar to
that given in Example 3.

12. Suppose that a connected planar graph has eight vertices,
each of degree three. Into how many regions is the plane
divided by a planar representation of this graph?

S, a 6. « b c . .
13. Suppose that a connected planar graph has six vertices,
each of degree four. Into how many regions is the plane
b ¢ divided by a planar representation of this graph?
14. Suppose that a connected planar graph has 30 edges. If a
planar representation of this graph divides the plane into
d b 7 d ¢ f

20 regions, how many vertices does this graph have?

In Exercises 5-9 determine whether the given graph is planar.
If 50, draw i so that no edges cross.
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15. Prove Corollary 3. 24,

16. Suppose that a connected bipartite planar simple graph
has ¢ edges and v vertices. Show thate < 2v — 4ify > 3.

*17. Suppose that a connected planar simple graph with e
edges and v vertices contains no simple circuits of length
4 or less. Show that e < (5/3)v — (10/3) if v > 4.

18. Suppose that a planar graph has k connected components,
e edges, and v vertices. Also suppose that the plane is
divided into r regions by a planar representation of the
graph. Find a formula for r in terms of e, v, and k. 25.

19. Which of these nonplanar graphs have the property that
the removal of any vertex and all edges incident with that
vertex produces a planar graph?

a d
a) Ks b) K¢ ¢ K33 d) Kzg
In Exercises 20-22 determine whether the given graph is
homeomorphic to K3 3.
f e

20. E The crossing number of a simple graph is the minimum nup-
ber of crossings that can occur when this graph is drawn in the
plane where no three arcs representing edges are permitted to
cross at the same point.

26. Show that K3 3 has 1 as its crossing number.
*#27. Find the crossing numbers of each of these nonplanar
graphs.
a) Ks b) K o Ky
d) K34 e) Kiq f) Kss

2. a b c *28. Find the crossing number of the Petersen graph.
*#*29. Show that if m and n are even positive integers, the cross-
¢ L ing number of K, , is less than or equal to mn{(m — 2)
(n — 2)/16. [Hint: Place m vertices along the x-axis so
that they are equally spaced and symmetric about the ofi-
gin and place n vertices along the y-axis so that they are
d equally spaced and symmetric about the origin. Now ¢on-
nect each of the m vertices on the x-axis to each of the
vertices on the y-axis and count the crossings.]

22. a
l b The thickness of a simple graph G is the smallest number of
planar subgraphs of G that have G as their union.
k ¢ 30. Show that K3 3 has 2 as its thickness.
*31. Find the thickness of the graphs in Exercise 27.
/ : 32. Show thatif G is a connected simple graph with v vertices
and e edges, where v > 3, then the thickness of G is it
i ¢ least [e/(3v — 6)]. _
h f #33, Use Exercise 32 to show that the thickness of Ky is ¢
g least | (n 4 7)/6] whenever n is a positive integer-

34. Show thatif G is a connected simple graph with v verticés

and e edges, where v > 3, and no circuits of length threés
then the thickness of G is at least [e/(2v — 41 :
23. a b c d 35. Use Exercise 34 to show that the thickness of Kpm,ns “’h;):ﬁ

In Exercises 23-25 use Kuratowski’s theorem to determine
whether the given graph is planar.

m and n are not both 1, is at least [mn/(2m + 21~

whenever m and n are positive integers.
*36. Draw K5 on the surface of a torus (a doughnut'smped’:

solid) so that no edges cross.

z f 5 A *37, Draw K3 3 on the surface of a torus so that no edges cros?s
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FIGURE1 Two Maps.

Graph Coloring

DEFINITION 1

Introduction

Problems related to the coloring of maps of regions, such as maps of parts of the world, have
generated many results in graph theory. When a map™ is colored, two regions with a common
border are customarily assigned different colors. One way to ensure that two adjacent regions
never have the same color is to use a different color for each region. However, this is inefficient,
and on maps with many regions it would be hard to distinguish similar colors. Instead, a small
number of colors should be used whenever possible. Consider the problem of determining the
least number of colors that can be used to color a map so that adjacent regions never have the
same color. For instance, for the map shown on the left in Figure 1, four colors suffice, but three
colors are not enough. (The reader should check this.) In the map on the right in Figure 1, three
colors are sufficient (but two are not).

Each map in the plane can be represented by a graph. To set up this correspondence,
each region of the map is represented by a vertex. Edges connect two vertices if the regions
represented by these vertices have a common border. Two regions that touch at only one point
are not considered adjacent. The resulting graph is called the dual graph of the map. By the way
in which dual graphs of maps are constructed, it is clear that any map in the plane has a planar
dual graph. Figure 2 displays the dual graphs that correspond to the maps shown in Figure 1.

The problem of coloring the regions of a map is equivalent to the problem of coloring the
vertices of the dual graph so that no two adjacent vertices in this graph have the same color. We
now define a graph coloring.

A coloring of a simple graph is the assignment of a color to each vertex of the graph so that
no two adjacent vertices are assigned the same color.

E

FIGURE 2 Dual Graphs of the Maps in Figure 1.

*We will assume that all regions in a map are connected. This eliminates any problems presented by such geographical entities
as Michigan.
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