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Note that a,, satisfies the linear nonhomogeneous recurrence relation

ap = ap—1 +n.

(To obtain a,, the sum of the first n positive integers, from an—1, the sum of the firg i
positive integers, we add n.) Note that the initial condition is a; = 1.
The associated linear homogeneous recurrence relation for a, is

dp = ap—1-

The solutions of this homogeneous recurrence relation are given by a(
where ¢ is a constant. To find all solutions of a,, = a,—1 + n, we need find only a single Pamm
ular solution. By Theorem 6, because F(n) =n =n - (1)" and s = 1 is a root of degree ope
the characteristic equation of the associated linear homogeneous recurrence relation, there js. &
particular solution of the form n(pin + po) = p|n + pon.

Inserting this into the recurrence relation —gives p|n2 + pon = pi(n — 124
po(n — 1) + n. Simplifying, we see that n(2p; — 1)+ (po — p1) =0, which meang
that 2p; — 1 =0 and po — p; =0, so po = p1 = 1/2. Hence, '

2
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is a particular solution. Hence, all solutions of the original recurrence relationa, = a,—| + nare
givenbya, = a(hJ + a(p) =c+nn+1)/2.Becausea; =
¢+ 1,50 ¢ = 0. It follows that a, = n(n + 1)/2. (This is the same formula given in Table 2in
Section 2.4 and derived previously.)

Exercises
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1. Determine which of these are linear homogeneous recur-
rence relations with constant coefficients. Also, find the
degree of those that are.

a) a, = 3a,_1 +4ay—2 + Sa,-3

b) a, =2na,1 +ap—2 c) Uy = dpy—1 + ap—4
d) a; =a,—1 +2 e) a, = a,z,_l +ap—2
£) ap =apn— g a,=ay-|+n

2. Determine which of these are linear homogeneous recur-
rence relations with constant coefficients. Also, find the
degree of those that are.

b) a, =3

a) a, = 33’/1—2
d) a, = ap—1 +2an-3

€) ap =da;_,
e) ay=day—i/n
f) ay =ay—1+ an2 + n+3
g) a, =4a,2+5a,-4 + 9a,—7
3. Solve these recurrence relations together with the initial
conditions given.
a) a, = 2a,_ forn > 1,a9 =3
b) ay =ay— forn>1,ap=2
¢) a, =5a,_1 —6ay,_oforn>2,a0=1,a, =0
d) a, =4a,_1 —4a,_pforn>2,a0=06,a =8
e) a, =—4a,_1 —4a,_oforn>2,a0=0,a; =1
f) a, =4a,_rforn>2,a0=0,ay =4
g) ay =ay—/4forn>2,a0=1a =0

i
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. Solve these recurrence relations together with the initial

. How many different messages can be transmitted in 72 mi=

. How many different messages can be transmitted 0/

conditions given.
a) a, =dy,_| +6a,_oforn>2,a0=3,a, =06

b) ay = Tap—1 — 10a,_2 forn >2,ap =2,a1 =1
¢) a, =6a,_1 —8a,_opforn=>2,ay=4,a = 10
d) a, =2a,_1 —ay_pforn>2,a0=4a =1

e) a, =dy_>forn>2,a0=5a = -1

£) a, = =6ay_y —9a,_s forn > 2,ap =3,a1 = =3

g) any2 = —dayy) + Sa, forn >0, a0 =2, ai =3

croseconds using the two signals described in Exercise 19
in Section 8.17

microseconds using three different signals if one signat
requires 1 microsecond for transmittal, the other two 5"'
nals require 2 microseconds each for transmittal, an
signal in a message is followed immediately by the "5’5“
signal?

In how many ways can a2 x n rectangular checke
be tiled using 1 x 2 and 2 x 2 pieces?

A model for the number of lobsters caught per
based on the assumption that the number of 10
caught in a year is the average of the number cavg
the two previous years.
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year is
bqlEfs



a) Find a recurrence relation for {L,}, where L, is the
number of lobsters caught in year n, under the as-
sumption for this model.

p) Find L, if 100,000 lobsters were caught in year 1 and
300,000 were caught in year 2.

9, A deposit of $100,000 is made to an investment fund at
the beginning of a year. On the last day of each year two
dividends are awarded. The first dividend is 20% of the
amount in the account during that year. The second divi-
dend is 45% of the amount in the account in the previous

ear.
;’) Find a recurrence relation for {P,}, where P, is the
"= c, amount in the account at the end of n years if no money
Jartie- is ever withdrawn.
one of b) How much is in the account after 2 years if no money
reisg has been withdrawn?

#10. Prove Theorem 2.
11, The Lucas numbers satisfy the recurrence relation

Meang
': Ly = Ln—l + L,—2,
and the initial conditions Ly =2 and L; = 1.
a) Show that L, = f,_ 4+ fyu1 for n=2,3,...,
where f), is the nth Fibonacci number.
b) Find an explicit formula for the Lucas numbers.
-1 are 12. Find the solution to a, =2a,_| +ay,_3 — 2a,_3
2/2 = forn =3,4,5,..., withap =3,a; = 6,and @y = 0.
le 2 in 13. Find the solution to a, = 7a,—2 + 6a,_3 with ag = 9,
<4 a; = 10, and ap = 32.
14. Find the solution to a, = 5a,_; — 4a,_4 with ag = 3,
ay=2,ay =6,and a3 = 8.
15. Find the solution to a, = 2a,_1 + Sa,_3 — 6a,_3 with
ay="7,a, =—4,and a; = 8.
initial
*16. Prove Theorem 3.
17. Prove this identity relating the Fibonacci numbers and the
i binomial coefficients:
1 fur1 =C,0) + Cln = 1, 1) + -+ + C(n — k, k),
where 7 is a positive integer and k = |n /2. [Hint: Let
=—3 4y =Cn,00+Cn—1,1)+---+ Cm —k, k). Show
=8 that the sequence {a,} satisfies the same recurrence re-
15 mi- lation and initial conditions satisfied by the sequence of
sise 19 Fibonacci numbers. ]
. 18, Solve the recurrence relation ay = 6ay—1 — 12a,_5 +
dinn 8a,_3 with ap = —5, a; = 4, and ay = 88.
signal 19 .
o Sig- - Solve the recurrence relation ay, = —3ay,_1 — 3a,_5 —
Vand a @3 withay =5,a; = —9,and ay = 15.
1e next 20. Find the general form of the solutions of the recurrence
Telation a, = 8a,_ — 16a,_4.
rboard 2L Wiy is the general form of the solutions of a linear homo-
8eneous recurrence relation if its characteristic equation
ear is hasroots 1,1. 1, 1, —2, —2, —2. 3, 3, —47
bsters 2. Whatis the general form of the solutions of a linear homo-
ight 1 8eneous recurrence relation if its characteristic equation

has the roots —1, —1, —1,2,2,5.5,7?

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.
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. Consider the nonhomogeneous linear recurrence relation
ap =3a,_ +2".
a) Show thata, = —2" isa solution of this recurrence
relation.
b) Use Theorem 5 to find all solutions of this recurrence
relation.

¢) Find the solution with ag = 1.

Consider the nonhomogeneous linear recurrence relation

anp = 2a,_1 + 2",

a) Show that a, = n2" is a solution of this recurrence
relation.

b) Use Theorem 5 to find all solutions of this recurrence
relation.

¢) Find the solution with ag = 2.

a) Determine values of the constants A and B such
that ¢, = An + B is a solution of recurrence relation
ay, =2ay_y +n+5.

b) Use Theorem 5 to find all solutions of this recurrence
relation.

c) Find the solution of this recurrence relation with
ag = 4.

What is the general form of the particular so-

lution guaranteed to exist by Theorem 6 of

the linear nonhomogeneous recurrence relation
ay = 6a,_| — 12a,_p + 8a,_3 + F(n) if

a) F(n) =n?? b) F(n)=2"?

¢) F(n)=n2"? d) F(n) = (-2)"?

e) F(n) =n?2"7 £) F(n) =n3(-=2)"?

g F@) =237

What s the general form of the particular solution guaran-

teed to exist by Theorem 6 of the linear nonhomogeneous

recurrence relation a, = 8ap_p — 16a,_4 + F(n) if

a) F(n) =n3? b) F(n) = (=2)"?

c) F(n)=n2"7 d) F(n) = n24m

e) F(n) = (n?—2)(=2)"71f) F(n) =n*2"?

g Fn)=27?

a) Find all solutions of the recurrence relation
ay = 2a,_; + 2n2.

b) Find the solution of the recurrence relation in part (a)
with initial condition a| = 4.

a) Find all solutions of the recurrence relation
ap = 2a,- +3".

b) Find the solution of the recurrence relation in part (a)
with initial condition a¢; = 5.

a) Find all solutions of the recurrence relation a, =
—Sa,_1 — 6ay_n +42 - 4",

b) Find the solution of this recurrence relation with a; =
56 and a; = 278.

Find all solutions of the recurrence relation a, =

Sa,—1 — 6a,—y + 2" + 3n. [Hint: Look for a particular

solution of the form gn2" + pin + p,, where g, p;, and

P2 are constants.]

Find the solution of the recurrence relation a, =

2a,-1+3 - 2",

Find all solutions of the recurrence relation a, =

4a,—1 —4ay_3 + (n + 1)2°.
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3.

35.

36.

37.

38.

*39,

*40.

*41.

42.

43.

Find all solutions of the recurrence relation a, =
Ta,_1 — 16a,_ + 12a,_3 + n4" with apg = —2,
a; =0,anda; = 5.

Find the solution of the recurrence relation a, =
4a,_) —3ap—2+2"+n+3 withagg = 1 and a; = 4.

Let a, be the sum of the first n perfect squares, that
is, a, = Y j_, k*. Show that the sequence {a,} sat-
isfies the linear nonhomogeneous recurrence relation
ay = ay—1 +n? and the initial condition a; = 1. Use
Theorem 6 to determine a formula for a,, by solving this
recurrence relation.

Let a, be the sum of the first » triangular numbers, that is,
a, = ZZ:I ty, where #; = k(k + 1)/2. Show that {a,}
satisfies the linear nonhomogeneous recurrence relation
a, = dap—1 + n(n + 1)/2 and the initial conditiona; = 1.
Use Theorem 6 to determine a formula for a,, by solving
this recurrence relation.

a) Find the characteristic roots of the linear homo-
geneous recurrence relation a, = 2a,—) — 2a,_.
[Note: These are complex numbers.]

b) Find the solution of the recurrence relation in part (a)
withag = 1 and a; = 2.

a) Find the characteristic roots of the linear homoge-
neous recurrence relation a, = a,—4. [Note: These
include complex numbers.]

b) Find the solution of the recurrence relation in part (a)
withag =1,a; =0,ap = —1,and g3 = 1.

Solve the simultaneous recurrence relations
a, = 3ap-1 + 2by—y
by =ap_1 +2b,_

with ag = 1 and bg = 2.

a) Use the formula found in Example 4 for f,, the nth
Fibonacci number, to show that f, is the integer
closest to

1 14 \/5 n
3\ 2 )
b) Determine for which n f, is greater than
1 {1+5Y
NG 2

and for which n f;, is less than
1 14 ﬁ n
Vi\ 2 )

Show that if a, =a,_1 +a,_2, ap =95 and a; =¢,
where s and ¢ are constants, then a, = sf,—1 + tf, for
all positive integers n.

Express the solution of the linear nonhomogenous
recurrence relation a, = a,—| +ay—2+1 for n > 2

*44

45.

46.

where ag = 0and a; = 1 in terms of the FibOHaCci n
bers. [Hint: Let b, = a, + 1 and apply Exercise 47 tout j
sequence by,.] o

(Linear algebra required) Let A, be the n x m
with 2s on its main diagonal, 1s in all positions ney, on
diagonal element, and Os everywhere else. Fingd
rence relation for d,, the determinant of A,,. §
recurrence relation to find a formula for d,,.

a fee (1T
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Suppose that each pair of a genetically engineered SPecieg.
of rabbits left on an island produces two new pairg of rah.

bits at the age of 1 month and six new pairs of rabbjg at

the age of 2 months and every month afterward. Nope of
the rabbits ever die or leave the island.

a) Find a recurrence relation for the number of pajrs o
rabbits on the island n months after one newbory pair
is left on the island.

b) By solving the recurrence relation in (a) determipg:
the number of pairs of rabbits on the island n monthg
after one pair is left on the island.

Suppose that there are two goats on an island initially,
The number of goats on the island doubles every year by
natural reproduction, and some goats are either added of
removed each year.

a) Construct a recurrence relation for the number of
goats on the island at the start of the nth year, as-
suming that during each year an extra 100 goats are
put on the island.

b) Solve the recurrence relation from part (a) to find the
number of goats on the island at the start of the nth
year.

¢) Construct a recurrence relation for the number of
goats on the island at the start of the nth year, as-
suming that n goats are removed during the nth year
for each n > 3.

d) Solve the recurrence relation in part (c) for the number
of goats on the island at the start of the nth year.

47. A new employee at an exciting new software company

starts with a salary of $50,000 and is promised that at the

end of each year her salary will be double her salary of

the previous year, with an extra increment of $10,000 for

each year she has been with the company.

a) Construct a recurrence relation for her salary for her
nth year of employment.

b) Solve this recurrence relation to find her salary for her
nth year of employment.

Some linear recurrence relations that do not have constant o
efficients can be systematically solved. This is the case for
recurrence relations of the form f(n)a, = g(n)a,—1 + h(n)-
Exercises 48-50 illustrate this.

*48. a) Show that the recurrence relation

fma, = g)ap—1 + h(n),

for n > 1, and with ay = C, can be reduced to a 1€
currence relation of the form

by = by—1 + Q(n)h(n),
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; e b, =gn+ 100 + Da,, with n—l
:nlln'[, where Oy g( )O( Jay C’l=n+l+gzck
“the om) = (fMFQ)--- fln—1)/(g(1)gQ2)---gn)). " 2o
My p) Use part (a) to solve the original recurrence relation forn = 1,2, ..., with initial condition Cy = 0.
Xl to obtan a) Show that {C,} also satisfies the recurrence relation
ree_ut_-'.; C+Y0_, 0)hG) nCy, =m0+ DCo_1+2nforn=1,2,....
Ve thig ap = st Dom+1) b) Use Exercise 48 to sqlYe the recurrence relation in
part (a) to find an explicit formula for C,.
Pecipg, ] ) *#%5], Prove Theorem 4.
Gf_rab.-- (9, Use Exercise 48 to solve the recurrence relation #%52. Prove Theorem 6.
;:::::2: (r+ Datn = (1 4+ 3ap—y -, forn = 1, with ao = 1. 53. Solve the recurrence relation T'(n) = n T2(n/2) with ini-
1 50, It can be shown that C,, the average number o.f com- tial condition 7(1) =6 when n = 2% for some inte-
; arisons made by the quick sort algorithm (described in ger k. [Hint: Let n = 2 and then make the substitution
S ‘fﬁ prcamhle to Exercise 50 in Section 5.4), when sorting n ay = log T(2%) to obtain a linear nonhomogeneous re-
0 paig elements in random order, satisfies the recurrence relation currence relation.]
Srming:
nonths; . e . .
b \EE Divide-and-Conquer Algorithms and Recurrence Relations
lilially;; —
o Introduction
et of Many recursive algorithms take a problem with a given input and divide it into one or more
ar, as- ) a smaller problems. This reduction is successively applied until the solutions of the smaller prob-
ats are Links lems can be found quickly. For instance, we perform a binary search by reducing the search for
an element in a list to the search for this element in a list half as long. We successively apply
ind the this reduction until one element is left. When we sort a list of integers using the merge sort, we
the nth: split the list into two halves of equal size and sort each half separately. We then merge the two
_ sorted halves. Another example of this type of recursive algorithm is a procedure for multiplying
iber of integers that reduces the problem of the multiplication of two integers to three multiplications
l?:ry::r of pairs of integers with half as many bits. This reduction is successively applied until integers

“Divide et impera”
{nsiation: “Divide and
gongiier” - Julius Caesar

iumber:
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with one bit are obtained. These procedures follow an important algorithmic paradigm known
as divide-and-conquer, and are called divide-and-conquer algorithms, because they divide
a problem into one or more instances of the same problem of smaller size and they conquer
the problem by using the solutions of the smaller problems to find a solution of the original
problem, perhaps with some additional work.

In this section we will show how recurrence relations can be used to analyze the compu-
tational complexity of divide-and-conquer algorithms. We will use these recurrence relations
to estimate the number of operations used by many different divide-and-conquer algorithms,
including several that we introduce in this section.

Divide-and-Conquer Recurrence Relations

Suppose that a recursive algorithm divides a problem of size n into a subproblems, where each
subproblem is of size n/b (for simplicity, assume that » is a multiple of b; in reality, the smaller
problems are often of size equal to the nearest integers either less than or equal to, or greater
than or equal to, n/b). Also, suppose that a total of g(n) extra operations are required in the
conquer step of the algorithm to combine the solutions of the subproblems into a solution of
the original problem. Then, if f(n) represents the number of operations required to solve the
problem of size n, it follows that f satisfies the recurrence relation

fn) =af(n/b) + gn).

This is called a divide-and-conquer recurrence relation.




