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Therefore, each element in the union is counted exactly once by the expression on the right-hand
side of the equation. This proves the principle of inclusion—exclusion. <

The inclusion—exclusion principle gives a formula for the number of elements in the union
of n sets for every positive integer n. There are terms in this formula for the number of ele-
ments in the intersection of every nonempty subset of the collection of the # sets. Hence, there
are 2" — 1 terms in this formula.

EXAMPLE 5 Give a formula for the number of elements in the union of four sets.

Extra Solution: The inclusion—exclusion principle shows that

Examples

A1 U Ay UA3U Ayl = |A1] + [A2] + |A3] + | A4l
— AN A — [A] N Az| — |A1 N Agq] — |Ax N Az| — Az N A4l
— A3 N A4l + AN A2 N A3[+ [A1 N A2 N Ayl + [A] NV A3 N Ayl
+ Ay NA3 N A4 — |A] N Ay N A3 N Ayl

Note that this formula contains 15 different terms, one for each nonempty subset of

{A1, A2, A3, A4l

Exercises

: sets.

o

=

. How many elements are in A| U A; if there are 12 ele-

ments in A, 18 elements in A;, and
a) A\ NA =07 b) |[A| N Ay =17
¢) |A{N Ay =67 d) A C Ay?

. There are 345 students at a college who have taken a

course in calculus, 212 who have taken a course in dis-
crete mathematics, and 188 who have taken courses in
both calculus and discrete mathematics. How many stu-
dents have taken a course in either calculus or discrete
mathematics?

A survey of households in the United States reveals that
96% have at least one television set, 98% have telephone
service, and 95% have telephone service and at least
one television set. What percentage of households in the
United States have neither telephone service nor a televi-
sion set?

A marketing report concerning personal computers states
that 650,000 owners will buy a printer for their machines
fext year and 1,250,000 will buy at least one software
Package. If the report states that 1,450,000 owners will
buy cither a printer or at least one software package, how
Many will buy both a printer and at least one software
Package?

¥ Find the number of elements in A; U Ay U A3 if there

are 100 elements in each set and if

3) the sets are pairwise disjoint.

b) there are 50 common elements in each pair of sets and
no elements in all three sets.

¢) there are 50 common elements in each pair of sets and

25 elements in all three sets.
d) the sets are equal.

. Find the number of elementsin A; U A» U Az if there are

100 elements in A, 1000 in A;, and 10,000 in Az if

a) A C Apand A; C As.
b) the sets are pairwise disjoint.
¢) there are two elements common to each pair of sets

and one element in all three sets.

7. There are 2504 computer science students at a school. Of

these, 1876 have taken a course in Java, 999 have taken a
course in Linux, and 345 have taken a course in C. Fur-
ther, 876 have taken courses in both Java and Linux, 231
have taken courses in both Linux and C, and 290 have
taken courses in both Java and C. If 189 of these students
have taken courses in Linux, Java, and C, how many of
these 2504 students have not taken a course in any of
these three programming languages?

. Inasurvey of 270 college students, it is found that 64 like

brussels sprouts, 94 like broccoli, 58 like cauliflower, 26
like both brussels sprouts and broccoli, 28 like both brus-
sels sprouts and cauliflower, 22 like both broccoli and
cauliflower, and 14 like all three vegetables. How many
of the 270 students do not like any of these vegetables?

. How many students are enrolled in a course either in cal-

culus, discrete mathematics, data structures, or program-
ming languages at a school if there are 507, 292, 312,
and 344 students in these courses, respectively; 14 in both
calculus and data structures; 213 in both calculus and pro-
gramming languages; 211 in both discrete mathematics
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10.

11.

12.

13.

*14.

15.

16.

17.

18.

19.
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and data structures; 43 in both discrete mathematics and
programming languages; and no student may take cal-
culus and discrete mathematics, or data structures and
programming languages, concurrently?

Find the number of positive integers not exceeding 100
that are not divisible by 5 or by 7.

Find the number of positive integers not exceeding 100
that are either odd or the square of an integer.

Find the number of positive integers not exceeding 1000
that are either the square or the cube of an integer.

How many bit strings of length eight do not contain six
consecutive 0s?

How many permutations of the 26 letters of the English
alphabet do not contain any of the strings fish, rat or bird?

How many permutations of the 10 digits either begin with
the 3 digits 987, contain the digits 45 in the fifth and sixth
positions, or end with the 3 digits 1237

How many elements are in the union of four sets if
each of the sets has 100 elements, each pair of the sets
shares 50 elements, each three of the sets share 25 ele-
ments, and there are 5 elements in all four sets?

How many elements are in the union of four sets if the
sets have 50, 60, 70, and 80 elements, respectively, each
pair of the sets has 5 elements in common, each triple of
the sets has 1 common element, and no element is in all
four sets?

How many terms are there in the formula for the number
of elements in the union of 10 sets given by the principle
of inclusion—exclusion?

Write out the explicit formula given by the principle of
inclusion—exclusion for the number of elements in the
union of five sets.

20.

21.

*22.

23.

24.

26.

27.

28.

29.

How many elements are in the union of five sets i

sets contain 10,000 elements each, each pair of Sets e
1000 common elements, each triple of sets has 1( o as!
mon elements, every four of the sets have 10 Colnmm;.
elements, and there is 1 element in all five sets? Oty

Write out the explicit formula given by the Principje
inclusion—exclusion for the number of elemengg
union of six sets when it is known that no three ¢
sets have a common intersection.

in lhe‘:
f thegg

Prove the principle of inclusion—exclusion using
matical induction.

Let Ey, Eo, and E3 be three events from a sample Space §
Find a formula for the probability of Ey U £, U g,

Find the probability that when a fair coin is flipped fivgl
times tails comes up exactly three times, the first apq laste
flips come up tails, or the second and fourth flips (‘Umélj
up heads.

Athe.

. Find the probability that when four numbers from { ol

100, inclusive, are picked at random with no repetitions.
allowed, either all are odd, all are divisible by 3, or all 4ge
divisible by 5. 1
Find a formula for the probability of the union of foyp:
events in a sample space if no three of them can occur gy
the same time. 1

Find a formula for the probability of the union of fiys.
events in a sample space if no four of them can occur ;u
the same time.

Find a formula for the probability of the union of n events
in a sample space when no two of these events can oceur
at the same time.

Find a formula for the probability of the union of n events |
in a sample space.

m Applications of Inclusion—-Exclusion

Introduction

Many counting problems can be solved using the principle of inclusion—exclusion. For instance
we can use this principle to find the number of primes less than a positive integer. Many problems
can be solved by counting the number of onto functions from one finite set to another. The
inclusion—exclusion principle can be used to find the number of such functions. The famou
hatcheck problem can be solved using the principle of inclusion—exclusion. This problem ﬂsks
for the probability that no person is given the correct hat back by a hatcheck person who gives

the hats back randomly.

An Alternative Form of Inclusion-Exclusion

There is an alternative form of the principle of inclusion—exclusion that is useful in COU""a
problems. In particular, this form can be used to solve problems that ask for the number

elements in a set that have none of n properties Py, Py, ..

Let A; be the subset containing the elements that have property P;. The Y
P;, will be denoted by N(P; Fip -

of elements with all the properties P;,, P, ...,

., Py
" mbe

Pft)j'




