Math 151
Solutions to selected homework problems

Section 3.4, Problem 2:

Show that the multiplicative group Z; is isormorphic to the additive group Z.
Solution:

Define ¢ : Zg — 2 by o([ale) = [3z.

First we will show that ¢ is well-defined. If [z1]¢ = [.7:2]6, then 21 = x5 + 6k for some
k € Z. Then ¢([z1]s) = [3]7 = [3]7"™" = [3]7* - 38" = [3]7* - ([3])* = [3]7" - ([9]7)* =

3122 - (21r)% = (85 (12)" = 3122 (181)* = (813 - (L))" = (3022 [Lr = (83 = o([aalo)
To show that ¢ is a bijection, we compute the values of all elements in Zg: ¢([0]g) =

B7 = [z &([ls) = Blz = [Bl7; o([2)s) = BI7 = [2)7; 6([3]s) = B]? = [6]7; d([4]s) =
[3]2 = [4]7; #([5]6) = [3]5 = [5]7; Since all images are distinct and every element in Z is
the image of some element in Zg, we have a bijection.

Finally, we will show that ¢ preserves the operation: ¢([z1]s + [22]6) = &([x1 + x2)s) =
(31777 = [BJ7" - BI7* = ¢([21o) - &([w2]e)-

It follows from the above that ¢ is an isomorphism.

Section 3.4, Problem 6:

Let G; and G5 be groups. Show that G5 x G is isomorphic to G x Gs.
Solution:

Define ¢ : Gy x G; — G x G by ¢((y,x)) = (z,y) for all (y,z) € Gy x Gj.

The function ¢ is one-to-one because if ¢((y1, 1)) = ¢((y2, x2)), then (x1,y1) = (z2, y2),
so x1 = o and y; = yo. Thus (y1,21) = (Yo, 2).

It is onto because for any (z,y) € G; X Go, we have ¢((y,z)) = (z,y).

Finally, it preserves the operation: ¢((y1,x1)(y2, 22)) = ¢((Y1y2, 122)) = (T179, Y1Yo) =
(1, y1) (w2, 92) = d((y1, 1)) P((y2, T2))-

Section 3.4, Problem 15:

Let G be any group, and let a be a fixed element of GG. Define a function ¢, : G — G
by ¢o(x) = axza™?, for all z € G. Show that ¢, is an isomorphism.

Solution:

First we will show that ¢, is one-to-one: if ¢o(z1) = ¢o(z2), then aria™ = axqa™'.
Multiplying both sides of this equation by a on the right gives azia ta = axsata, i.e.
ax; = axs. Multiplying now by a=! on the left gives a taz, = a tazs, i.e. 1 = xo.

Next, ¢ is onto since for any y € G, ¢,(a"'ya) = aa 'yaa™ = y.

Finally, ¢ preserves the operation: ¢, (x172) = axiz2a™! = ariatarsa™ = ¢o(11)da(12).



Section 3.4, Problem 20:

Let G; and G5 be groups. Show that (7 is isomorphic to the subgroup of the direct
product Gy x Gy defined by {(z1,z2) | z2 = €}.

Solution:
Let H = {(x1,x2) | x3 = e}. Define ¢ : Gy — H by ¢(x) = (z,e).
Then ¢ is one-to-one since if ¢p(x1) = ¢(x2), then (x1,e) = (22, €), S0 11 = X3.

Also, ¢ is onto since for any element (x1,z5) € H, x5 = e, and thus ¢(z1) = (r1,€) =
(21, 22).

Finally, ¢ preserves the operation since ¢(z122) = (2122, €) = (21, €) (22, €) = d(x1)p(2).

Thus ¢ is an isomorphism.

Section 3.5, Problem 11:
Which of the groups Z°, Zy,,, Z15, Z7 are isomorphic?
Solution:

First we find the orders of the given groups: |Z*| = |{[1], [2], [3], [4], [5], [6] }| = 6,

|1 Ziol = {1 BL 7], 19 = 4, |275] = KL, 5], [7], [11]}] = 4,
|Z3l = {[1],13], 5], 9], [11], [13]}| = 6. Since isomorphic groups have the same order,
we have to check two pairs: Z> and Z7; Z]; and Z,.

Both Z* and Z7; are cyclic of order 6 (we check below that both are generated by [3]),
therefore they both are isomorphic to Zg, and thus isomorphic to each other:

< [37 >={[1]7, [3]7, [2]7, [6]7, [4]7, [5]7} = Z7';
< [3J1a >= {[1]14; [3]14; (914, [13]14, [11]14, [Bl1a} = Z75-

However, the groups Z7;, and Z7;, are not isomophic because Z; is cyclic (it is generated
by [3]), but Z7}; is not cyclic (the order of each element is either 1 or 2):

< [3li0 >= {[1]10, [3]10; [910 [T]10} = Z1;
[5]%2 = [7]%2 = [11]%2 = [1]12-



