Math 75 Maria Voloshina
Practice Final

The exam will consist of 25 multiple choice questions.

You will have 2 hours to complete the exam.
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Reuwrite the function as f(z) = z*/°,then 3 = 3173

3— 2
2. The vertical and horizontal asymptotes for the function f(z) = o _mg are
(a) z=3,z=-3,y=—1 correct
(b)y z=3,y=-1
(¢) z=-1,y=3,y=-3
dz=-1l,y=-3

() x=3,z=-3
f(z) is undefined at x = 3 and x = —3, so check the limits at these points:

3—z? ) 3— 2?2 appr. — 6 . .
lim —— = lim = = —00, s0 ¢ = 3 is a vertical
e—=3+ 22 —9 o3+ (z —3)(z +3) (small pos.)(appr. 9)
asymptote.

. 3—zx? . 3 — 22 appr. — 6
lim —— = lim =
e——3+ 22 —9 z5-3+ (z—3)(z +3) (—6)(small. pos.)
vertical asymptote.
Limits at infinity:
N e e
lim — = lim
z—+oo 4 —9 :;v—>+ool—m—2

The limit as x© approaches —oo is similar.

) = +00, so x = —3 is another

= —1, so y =1 is a horizontal asymptote.

3. The derivative of f(z) = / sin(1 + t*)dt is:
1

(a) sin(1 +2z*) correct
(b) 4z3sin(1 + z*)
(c) 42®cos(1 + z*)
(d) —sin(l +2*)
) —

(e) —cos(1+a*)

Using part I of the fundamental theorem of calculus, (/ sin(1 + t4)dt) = sin(1 + 2*).
1



4. The absolute minimum value of the function f(z) = secz on the interval [—1,1] is

(a) 0

(b) —

(¢) 1 correct

(d) -

(e) 2

sin x
2

This equation has only one solution in the interval [—1,1], namely, x = 0. Thus x =0 is the
only critical number.

f(0) =sec0 =

f'(z) =secxtanz = . It is equal to 0 when the numerator is equal to 0, i.e. sinx = 0.

cos0
f(1) =secl= sl > 1 because cos1 < 1 (sketch the graph of cosz!).
Similarly, f(—1) > 1, so 1 is the absolute minimum value of f(x).

5. Which of the following is the linear approximation of the function f(z) = % near the number
a=17 !
(a) 2z —1
(b) —2x2+3
(c) 2z +%
(d) —3z+1

() —3z+3 correct

The linear approzimation is given by L(z) = f(a) + f'(a)(z — a), and a = 1 in our case, so
we need:

f)=1,
fl(g;) = ($,1/2)/ _ —%.%‘73/2 — _Q;W’
1) =1,

Therefore L(z) =1 — §(z — 1) = —4z + 3.

6. Which of the followmg statements is true?
(
(b
(c
(d

(e) All differentiable functions are continuous. correct

If f'(c) =0, then f(z) has a local minimum or a local maximum at c.
If f"(z) =0, then c is an inflection point of f(z).

All continuous functions are differentiable.

Counterezamples for (a)-(d):

(a) f(x) =z and g(x) = x are increasing everywhere, however, f(x)g(z) = x2 is decreasing

on (—00,0).
(b) f(x) = 2® has f'(0) = 0, but no minima or mazima.
(c) f(z) =z* has f"(0) =0, but no inflection points.
(d) f(z)=|z| is continuous but not differentiable at 0.



z—9

7. Find the value of k for which the function f(z) = ¢ /z—3 279 is continuous at z = 9:
k z=9
(a) 0
(b) =3
(c) 3
(d) 9
(e) 6 correct

r-9 L (E-)(/T+3)
VT —3 259 VZ -3
continuous, we have to define f(9) = 6.

10
8./ |z — 4|dz =
2

lim = lim(y/x + 3) = 6, therefore to make the function
T—9 T—9

(@) 0

(b) 16

(c) 18

(d) 20 correct

(e) 40

swee-a={ Tl IS IS
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10 4 10 4 10 72
/ |x—4|dz = / |x—4|dm+/ |z—4|dz = / (—$+4)d:c+/ (x—4)dz = (—— + 433)
2 2 4 2 4 2

2 10
(7-+)
2 4
Another way is to sketch the graph of y = |x — 4] and notice that the integral represents the

total area of two triangles; the first one has base 2 and height 2, so its area is 2, and the
second one has base 6 and height 6, so its area is 18. The total area is then 20.

= [(—8+16)— (—2+8)]+[(50—40) — (8—16)] = [8—6]+[10—(—8)] = 2+18 = 20.

9. A poster is to have an area of 180 in? with 1-inch margins at the bottom and sides and a
2-inch margin at the top. What dimensions of the poster will give the largest printed area?

(a) width = 5v/5, height = 6+/5

(b) width = 6+/5, height = 5v/5

(c) width = 24/30, height = 3v/30 correct
(d) width = 10, height = 15

(e) width = 15, height = 10

Let the width of the poster be x, and let the height be y. Then the total area is xy = 180.
The printed area is A = (x — 2)(y — 3) (subtract the margins from = and y), and we want to

mazximize A. Solve the first equation for y: y = —~ then A can be expressed as a function
of z: A= (z—2)(82 - 3) =180 — 3z — 28 1 6 = 186 — 3z — 282, Tb find the mazimum of
this function, we take the derivative and set it equal to 0: A'(x) = =3+ 3:;20 =0, or
s _ 3
360 = 322
22 =120
z = 2/30
_ 180 _ 90 _
Then y = 30 =~ V30 = 3v30.



10. /(2+3sinx+4cosx)dm =

(a) 3cosz —4sinz

(b) 3cosx —4sinx + C

(c) 2z +3cosz —4sinz + C

(d) 22 —3cosz +4sinz +C correct
(e) 2z +3cosz+4sinz+ C

Since an antiderivative of 2 is 2x, an antiderivative of sinx is — cosx, and an antiderivative
of cosx is sinz,

/(2+3sinx+4cosm)dm =2z + 3(—cosz) + 4sinz + C.

11. The inflection points of the function y = 2z% — 32° — 102* + 11 are
(a) (0,11) only
(b) (-1,6) and (2,75) correct
() (=1,6), (0,1), and (2,75)
(d) (1, O) only
(e) (0,11) and (—1,6)
The second derivative must be 0 at an inflection point. We have y' = 12x° — 15z* — 402°, and
y" = 60z* — 602° — 12022,
602* — 60z — 12022 = 0
60z2(z? —2—2) =0
60z2(z — 2)(z +1) =0
There are 3 roots: x = —1, x =0, and x = 2. Check that the second derivative is positive on
(—00,—1), negative on (—1,0) and (0,2), and positive again on (2,+00), so it changes sign
only at —1 and 2. Therefore only (—1,6) and (2,75) are inflection points.

dy
12. If y cotz), then — =
os(cot ), then 2.
(a) —sin(cot z)
(b) —sin(— cscz cot x)
(¢) —sinz cot z — cosz cscz cot T
cot x cosx
d) ———
sin z
t
(e) w correct
sin® z
Using the chain rule:
dy _ r_ . 2 N . 5  _ sin(cotx)
Pt (cos(cot z))" = —sin(cot ) - (— csc® z) = sin(cot z)(csc® z) = EET I



13. Which of the following is equal to the area under the curve y = |z — 4| between x = 0 and
=47

(a) /0 '@ 4y

(b) —/04(:1:2 _ 4)dz

©) /2 " 4y

(d) /02(.9:2 _ )dz + /24(4 _ ?)da

(e) /02(4 —z¥)dx + /24(332 —4)dr correct

Since 2 — 4 is negative on (0,2), and positive on (2,4),

2 .
2 4 _ ) T4 ifx > 2
& 4|_{—x2+4 ifr<2

4 2 4
Then the area is / |z? — 4|dx = / (—x% + 4)dz +/ (z% — 4)dz.
0 0 2

1. i 2R
(a) O
(b) 1 correct
(c) 2
(d) oo
() —o0
lim 222 — 5z + 2 o 2z -1)(@-2) b L3

i5s 22—z -2 a2 z-@+1) esrz+l 3

3
15. / zsin(z? — 2)dx =
0

cos(7) correct

d
Make the substitution u = x2 — 2, then d_u =2z, so %du = xdx. Then, changing the limits of
x

integration, we have

3 1 (7 1
/ zsin(z? — 2)dr = —/ sin(u)du = — = cos(u)
o 2 2

_o 72 = _%‘303(7) - (—%cos(—2)).

Another way is to evaluate the indefinite integral first (and change back to the original vari-
able), and then use the old limits. Using the same substitution, we have

1 1
/msin(m2 —2)dx = ~3 cos(u) + C = -3 cos(z® —2) + C. Then

’ = —% cos(7) — (—% cos(—2)>.

3
1
/ zsin(z? — 2)dx = —3 cos(z? — 2)
0

0



16. If F(z) = f(g9(z)), f(1) =0, f'(1) =5, f'(2) = —4, g(1) =2, ¢'(0) = —6, and ¢'(1) = 3, then

17.

18.

19.

)
c) —12 correct
)

Using the chain rule, F'(z) = (f(g(2)))" = f'(g(2))g' (z), so F'(1) = f'(9(1))g'(1) = f'(2)-3 =
(-4)3 = —12.

What can be said about the roots of the equation 23 + 2 + 6 = 0?

(a) it has no real roots
(

b) it has exactly 1 real root between —3 and —1 correct
(c) it has exactly 1 real root between —1 and 1

(d) it has exactly 1 real root between 1 and 3

(e) it has 3 real roots

Let f(z) = 2® + © + 6, then f(—2) = —4 < 0 and f(0) =6 > 0, so f(z) has at least one real
root. On the other hand, f'(x) = 32> +1 > 0 for all =, so f(x) is increasing everywhere, so
it cannot have more than one real root. Thus f(x) has exactly one real root. Check the values
of f(x) at the endpoints of the given intervals: f(—3) = —24 < 0, f(—1) =4 > 0, so f(x)
has a root between —3 and —1.

x\/ 22 4+ 5dr =

|
-

() -3

(b) =2

(¢) 0 correct
@) 5

(e) 3

1
Make the substitution v = 22 + 5, then Edu = xdz, and

1 6
1
/ zVx? + bdx = 3 / Vudu = 0. Another way to see that the value of this integral is 0 is

-1 6
to notice that the integrand is an odd function, and the integral is from —a to a.

If f(z) = $—12 and g(z) = v/z, then the domain of f o g is
(a) (=00,00)

(b) (0,00) correct

(c) [0,00)

(d) (=00,0) U (0,00)

(e) None of the above

fog(z) = f(g9(z)) = f(/x) = f)2 Since \/x is defined only for x > 0, and the denominator
cannot be zero, the composite functzon is defined only for xz > 0.



20. If f(z) = 7° + % then f'(z) =

21.

22.

7

m° is a constant, so its derivative is 0. Therefore

fl(ib’) = (773 + ﬁ)l = (773 +a:1/2)l = %aflﬂ = %

ad is the set of all real numbers x for which:

The domain of the function f(z) = T2

(a) z>1

(b)y z>1

(¢) 1<z <1 correct
d) -1<z

(e) ¢ # -1

First, the expression under the square root is defined only for x # —1 because the denominator

cannot be zero. Second, the square root is only difened at nonnegative numbers, so
1-2

> 0. Since this fraction is 0 at x = 1 and undefined at x = —1, check each interval:

1+z )
on [—o0,—-1],1—z>0and1+z <0, so;xSO.
. 142
-
on[-1,1,1—z>0and1+2 >0, so >0
1+z

on[l,+0],1—2<0and1+2 >0, so 1+z
Since x # —1, the domain of f(z) is (=1,1].

<0

The graph of y =  + sinz has how many local maximums?
(a) 0 correct

(b) 1

(c) 2

(d) 3

(e) infinitely many

y' =1—cosz > 0 for all z because —1 < cosx < 1. So y is never decreasing. Therefore it has

no local mazimums (at a local mazimum, a function changes from increasing to decreasing).



23. A particle moves along a straight line with equation of motion s(t) = v/t + 1. Find its average

24.

25.

velocity over the time interval [0, 3].

(a) + correct

(b) L
(0) 4
(@) 1
&) i

The average velocity is the total distance traveled divided by the time elapsed. So we have
5(3)—s(0) 2-1 1 i o o

s"0 - 3 — 3 Another (longer) way is to find the velocity: v(t) = T
then use the formula for the average value of a function (you will need to make the substitution
u =1z + 1 to evaluate the integral).

and

Evaluate lim M
z—7 €T — 7

(a) O

(b) &+ correct

(©) 3

d1

(e) oo

lim :c+2—3_1im(\/w+2—3)(\/x+2+3)_ o (x+2)-9
@51 =7 251 (z-T(Wzx+2+3) =T (z-T)(VT+2+3)

T — 1 1

= lim =

lim —— = —.
a=7 (. —T7)(Vr +2+3) z1—>m7\/a:+2+3 6

Let R be the region enclosed by the lines y = y/z and y = g The volume of the solid formed
by rotating R about the z-axis is

@ 2 [ (v 5)a

o (G-)e

(©) 7 /0 ' (x— (g)2> dz correct
@ (5-v) u

@2 [ (5-v2)' e

The curves intersect when \/x = § = x=72 > dr=122 = 2°-42=0 = z(z—4)=0

2 roots: © = 0 and x = 4. Sketch the graphs! You’ll see that on the interval [0,2] the curve
x
y = /x is above y = 5" When we rotate the enclosed region about the x-axis, the cross-section

through a point (x,0) and perpendicular to the x-axis is a ring with outer radius \/T and inner

2 2
radius g So the cross-sectional area is 7r(\/5)2 - (f) =m (:c — (g) ) Therefore the

2
. 4 T\ 2
volume is 7r/0 (a: — (5) ) dx.



