Math 76 Solutions to practice problems for test 1

1. For each function, find its inverse, and sketch the graphs of the original function and its inverse.

(a) flz)=e" =2
Write y = e — 2 and solve for z:
y+2=¢€"
In(y+2)==x
Therefore f~1(y) =In(y +2) or f~'(z) =In(z+2)

(b) flz)=27"
y=2""
logyy = —x
—logyy ==

f7Hy) = —logyy or fl(z) =—logyx

(¢) f(x)=1In(z+3)+2
y=In(zx+3)+2
y—2=In(z+3)
eV 2=x+3
V2 _3=1g
Tl y)=er2=3 or fl(z)=e"2-3



2. Find the exact value of

1 a1
logs <ﬁ) = —3 because 5 ° = 25
logg 2 + logg 3 = logg(2 - 3) = logg 6 = 1 because 6! =6

3logg 4 = logg(43) = logg 64 = 2 because 82 = 64

arcsin(1) = g because sin <g) =1 and —g < g < g (See the definition of arcsin)
(1) =T e con(Z) =L s 027 <
arccos [ = | = = because cos|( =) == an — <
2 3 3 2 -3~

(e (1)) =5
sin (arctan | — | | = =
4 )

7 T 3
arctan 1 is an angle, say t, between —3 and 5 whose tan is 1 Draw (I do mean draw,
don’t just read this!) a right triangle, and denote one of the acute angles by ¢. Since its

3
tan is " let the opposite side be 3 and the adjacent side be 4. Then the hypothenuse is

5. Therefore sin(t) = g

3. Evaluate the limits.

(a) lim

sin(bx)
z—0 2sin(3x)
m 5cos(5z) _ 5cos(0) 5
20 6cos(3x)  6cos(0) 6
e’(cosx — 1)
im ————=
x—0 tan(Sx)
e’(cosx — 1)+ e*(—sinxz) 0

0
This limit is of type o’ so use L’Hospital’s rule:

0
This limit is also of type 0’ so use L’Hospital’s rule:

= lim =-=0

2—0 3sec?(3x) 3

er—1—z

lim ———— Same here:
z—0 2

et =1 0 0 , 1 .
= lim Still —, so use L’Hospital’s rule again:

x—0 2z 0

. e’ 1
=lim — = =

z—0 2 2
lim 23e=3% This one is of type oo - 0, so rewrite the function as a quotient
r—00
before using L’Hospital’s rule (you will have to use L’Hospital’s rule three times):
Chm S 25 B 8
= lim = Jim oo = lim oo = Jim oo =



(e)

< T 31‘) - .
3z In < ) 3z In ( ) lim 3zln ( )
lim< ’ ) = lim e z+1 = lim e r+1/) = v r+1

z—oo \x + 1 —00 —00
The limit in the exponent is of type oo - 1, so use the same method as in (d):
3n (-2 3(n(2) — In(z + 1 3(1_ 1

lim 33:111( > = lim M = lim (n(z) ln(az—i— ) = lim Lﬁl) =
T—00 T + T—00 = T—00 = T—00 -z

S 322 -3 -3
lim —C i = i —C = lim —2 = -3
To00 — % T—00 ;L'(gj + 1) z—oo x + 1 r—o0 ]

3z lim 3z 1In <L)

Then lim < > =" r+1) —¢3

=00\ + 1

4. Evaluate the following integrals.

(a)

(b)

()

(d)

(e)

(f)

zsin(z?)dr = (Substitution: u = 22, du = 2zdz, $du = zdz)

1 1 1
= /isinudu =-3 cosu +c¢ = D) cos(z?) + ¢

/2 m/2 ]
/ cos® xdx = (Trig. integral) = / —(cos(2x) + 1)dz =
/6 /6 2

(Substitution: u = 2z, du = 2dx, du = dx. Change the limits of integration: when
r=m/6,u=m/3, andwhenx—ﬂ/2 u=m)

T 1 1 & V3 o T V3
= — ]_ d = — 1 g 0 — - — [ —
ﬂ/34(cosu+ )du 4(s1nu+u) s 3 (0+m) < 5 +3> 5 3
dr + 3
/ T dz (This is a rational function.)
rz+1 ) 5 )
Stzp I. 3Long division gives a:—:— T = 4 — Py SO
/ T /4dw—/ dx:4a:—1n|x+1]+c
The other steps are not needed here.
2
/ retdr = (By parts: u =z, dv = e¥dz, du = dx, v = €%)
1
2 2 2 1 2 2 2 2
:xezl—/ etdr = (2¢” — le )—ezl:2e —e—(e“—e)=c¢
1
/ sin® tdt = (Trig. integral) = / (sin” t)? sin tdt = / (1 — cos?t)?sintdt =
0
(Substitution: u = cost, du = —sintdt, —du = sintdt. Change the limits of integration:
when x =0, u =cos0 =1, and when © = 7, u = cosm = —1)
-1 -1 2 1\
:—/ (1—u2)2du:—/ (1 —2u* 4+ ut)du = — (u——u3+—u5) =
1 1 3 5 1
B {( 1+2 1) (1 2+1)]_ [—8 8} 16
B 3 5 3 5/ [15 15] 15
w/4
/ sec? ety = (Substitution: u = tan x, du = sec? xdz. Change the limits

of 1ntegrat10n when x = 0, u = tan(0) = 0, and when z = 7/4, u = tan(w/4) = 1)

—/ eldu=e' —ed=e—1



(2) /m2 sin(2z)dx = (Substitution: y = 2z, dy = 2dz, v = ¥, do = %)

() =

(By parts: u = y2 dv = sinydy, du = 2ydy, v = — cosy)

1 1
= ~3 (y cosy+/2ycosydy> = —gy cosy+1/ycosydy:
(By parts again: u =y, dv = cosydy, du = dy, v = siny)
1 1 1 1 1
= —§y2 cosy + 1 (ysiny—/sinydy) = —§y2cosy+ Zysiny+ Zcosy—Fc

1 1 1
= —5332 cos(2x) + 5% sin(2x) + 1 cos(2x) + ¢

(Note: the substitution is not necessary here, you could start with u = 22, dv = sin(2z).)

1
h / S S
) 24 — 22
(Trig substitution: x = 2sint, dr = 2costdt, V4 — 22 = /4 — 4sin®t = 2cost)
1

1 1 1 1
= | ——5————2costdt = — dt = = 2¢dt = —= cot t
/4sin2t‘2cost o8 4/sin2t 4/CSC 4CO te

Change back to x: x = 2sint implies sint = L Drawa right triangle

with an acute angle ¢, the opposite side x and hypothenus 2, so that

T V4 — 22
sint = ok Then the adjacent side is v4 — 2%, and cott = ————.
x

1 14 — 22 Va4 —z2
Thusfid:v:——7x+c: VIR
124 — 12 4 X 4x
Tx+ 12
i ——d
@) /a:3+4332 *

We skip Step I because the integrand is a proper rational function (the degree of the
numberator is less than the degree of the denominator).

Step II. Factor the denominator: x2 + 422 = 22(x + 4)

. . " Tx+12 A B C

Step III. Partial fraction decomposition: R = + 2 + P
Tr+12 = Ax(x +4) + B(x +4) + Cx?
Tr+12 = (A+C)2® + (4A+ B)z + 4B
12=4B = B=3
T=4A+DB = A=1
0=44+C = C=-1
Thus Tx +12 :14_3_ 1

4422 oz 2?2 r+44
Step IV. /7;:_:—41;2 a:—/ d:U—{—/—d:U / ln|xl—%—ln|m+4\+c



()/ (In(5))*da = (Substitution: y = 5z, dy = 5d, tdy = dz)

1
= g/ Iny)3dy = (By parts: u = (Iny)3, dv = dy, du = 3(lny)2%dy, v=1y)
1

:—(lny )y — 3/lny dy) —(Iny) y——/lny )edy =

y parts agaln u= (Iny)?, dv= dy, du = 2(Iny) dy, v=1y)

6

— gy 2 (nyPy— [2mp)dy) = £ ng)y - 2upPy+ 3 [ng)ydy -
(One more time by parts: v = Iny, dv = dy, du = 1dy, v=1y)

1 3 3
= z(Iny)’y—=(my)’y+ ¢ ( Iny)y /1dy) =(Iny)’y — = (ny)*y+
= (In(52))%z — 3(In(5z))%z + 6 In(5z)x — 6z + ¢
(Note: as in (g), the substitution is not necessary here. You could start with integration
by parts.)

4 + 3 4z 3
k —dxr = =
()/x2+1$ /:132+1+/ac2+1

(Substitution for the first integral: u = 22 + 1, du = 2zdx)

Cﬂ

6 6
hay| =
=(ny)y—zy+e

2
= /—du+3arctanx:2ln|u] + 3arctanz + ¢ = 2In(z? + 1) + 3arctan z + ¢
u

1) /(cos z)3(sinz)?dx = (Trig. integral) = /(cos z)?(sin z)? cos xdx =
= /(1 — (sinz)?)(sin x)? cos zdx = (Substitution: u = sinx, du = cos zdz)
1 1 1 1
= /(1 —u?)uldu = /(u2 —uMdu = v — w’ +ec==sindz — —sindz+ec
3 ) 3 )
1
(m) /mds = (Substitution: u =2 — 3s, du = —3ds, —3du = ds)
171 1 1w (2 —3s)~*
=~ | —du=—= Sy = —=. — =9
3) w3 T Ty T ¢
7da: =
) / Va2 +
(Trig substltutlon r =3tant, dr = 3sec’tdt, Vr2+9 =+9tan’?t + 9 = 3sect)
)
—/3 3sec? tdt = /sectdt = In|sect + tant| —|—c:ln‘xT+9 —|—§ +c
e* +5 _ 1 1
(o) / . 3d (Substitution: u = e, du = e®dx, _du=dz, ,du=dr)
A B
= / uu—:— 35 (This is a rational function) (uu—i——k;;u =733 + "

u+5—Au—|—B(u—|—3)
u+5=(A+ B)u+3B

1=A+B
5=3B = B=32 = A=-1
u+5 2 1 1 51 2 5
Thus | 2 qu= -2 [ ——du+2 [ Zdu=—-21 21 —
uf/m+$u“ 3 u+3“+3/u“ ginfus 3+ ginful+e

2 ) 2 S
:—gln(ez+3)+§ln6x+c:—gln(ex+3)+§a:+c



72
—d
() /m2+5x+6 v
Step I. Long division
1
2?2 +52+6)_ 22

22+5x + 6

—Hx —6

x? . —5z — 6
2% + 52 + 6 2% + 52 + 6
Step II. Factor the denominator: 22 + 5z + 6 = (x + 2)(z + 3).
—5z—6 A B
2450416 z+2 ©+3

Step III. Partial fraction decomposition:
—5x—6=A(x+3)+ Bz +2)

—5x —6=(A+ B)r+ (3A+2B)
-5=A+B = B=-5-A
—6:3A+223 = —6=34-10-24 = A=4 = B=-9

T 4 9
Th —1 _
U i sr 6 T zt2 243

z2 4 9
StepIV. | ——dx= [ 1d —dx — d
P /m2+5x+6x / x+/x+2x /m—l—Sx

=x+4lnjz+2| -9z +3|+¢

(q) /m\/mmc

We could use a trig substitution here, but the easiest way to do this problem is to make
the substitution u = 422 — 1. Then du = S8zdx, %du = xdx, and we have
3/2 3/2 (4.7?2 1)3/2

/ac\/43:2 dx—8/\/_du—— +c= +e=-—"_2 ¢

83/2 12 12

For the sake of practice, let’s try a trig substitution too. First we have to factor out 4
under the square root to get Va2 — a?:

/m\/4x2 dac—/a:,/él a;2—— da:—2/a:\/:r2—lda:

(Substitution: x = 1sect, dz = isecttantdt, \/502 — = \/ sec2t — 1 = Ltant)

/ 1 1
Z/x 332——d$—2/—sect —tant - isecttantdt 4/tan tsec? tdt

(Substitution: u = tant, du = sec?tdt)
1 1u? u3 (tant)3

2
= — d = - = — —
i i T TR DR
1 1 1
to change back to x, recall xz—zzitant, SO tant:2\/a:2—1: 472 — 1
V4 2_13
Thus/x\/élwz—ldx:%—l—c



