Math 76 Solutions to practice problems for test 2

7
1. Estimate the value of / x2dx using 6 subintervals and

a=-5 b=7 n=6, Aac———2
To= -5, x1=-3, xo=-—1, 3:3—1, x4 =3, x5=05, x¢g=17.

(a) the midpoint rule

Midpoints: -4, -2, 0, 2, 4, and 6.

Mg = Ax(f(—=4)+ f(—=2) + f(0) + f(2) + f(4) + f(6)) =2(16 + 4+ 0+ 4 + 16 + 36) = 152
(b) the trapezoidal rule

To = SE(f(=5) +2f(=3) +2f(=1) +2f(1) + 2f(3) + 2f(5) + f(7)) =
=1(25+ 18+ 24 2+ 18 4 50 + 49) = 164

(c) Simpson’s rule

S5 = SE(F(=5) +4f(=3) +2f(—1) +4f(1) + 2f(3) + 4f(5) + f(7)) =
(25+36+2+4+18+100+49)—2-234:156

2. Evaluate the integrals (if convergent).
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the limit does not exist, so the integral is divergent.
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(c) / 5dx (the integrand has a vertical asymptote at 5)
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(d) ﬁdx (the integrand has a vertical asymptote at /)
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if 0<xz<4, v—4 isnegative, so |x —4|=—x+4, and
if 4<x<13, x—4 is positive, so |x —4| =x —4, thus we have
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3. Find the lenth of the curve:

(a)

(b)

V3 5 V3 > V3o
y=Inz, 1<z<+3 L:/ 1/1+(%) d$:/ ﬂcw;rldm:/ \/acw+1dx
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trig substitution: x =tant, dx =sec®tdt, Va2 +1=+tan’t+ 1 =sect
change the limits of integration: when x =1, t=arctanl = 7,
and when x = \/g, t = arctan /3 = %
/3 /3 3 w/3 3 T/3 2
ect sec” ¢ sec” ¢t tant ec“tsecttant
:/ > sec%dt:/ dt:/ fndt:/ A =
r/4 tant r/4 tant 7/4 tan“t 7/4 sec?t — 1
substitution: u = sect, du = secttantdt.
change the limits of integration: the lower limit is sec 7 = V2, the upper limit is sec g = 2.
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substitution: uw =1+ %y, du = %du

4. Find the area of the surface obtained by rotating

(a)

(d)

y=x3, 0<2 <2 about the z-axis,

= 271'/ 31 + (322)2dx = 277/ 23\ 1+ 9z4dx  substitution: uw =1+ 92*, du = 3623dz
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y=1-— 22, 0<z <1 about the y-axis,

1 1
S = 271'/ xy/1+ (—22)2%dz = 277/ V' 1+ 4a?dx substitution: uw =1+ 422, du = 8xdx
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=+1—-92 0<y<1 about the z-axis,

1 J—
S=27r/y 1+<%> y—27r/y 1+ y—27r/ dy—27r
o — \/ \/

substitution: u=1—1y?, du = —2ydy
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z=,/y, 1<y<9 about the y-axis.
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5. Find all constants ¢ and k such that y = ce*®

If y = ce®® then y' = cke*™ and y" = ck?e*™.

ck?ek® 4 ckek® — 12cek* =0

ceF* (k2 +k—-12)=0

ceb*(k+4)(k—3)=0

Since e £ 0 for any k, either c=0 or (k+4)(k—3) =0

So either ¢ =0 (and k is any real number) or k = —4 or 3 (and c is any real number).

6. Sketch

is a solution of y” + 1y’ — 12y = 0.

(a) a direction field for y = g
Consider y' =0 (thenxz=0),y=1 (z=y), y=—-1 (x = —1), etc.
(b) solution of y = % satisfying y(0) = 1,

(c) solution of y' = d satisfying y(0) = —2.
Yy
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(a) ' == Yz = ydy = zdx = /ydy:/xdx
Y de y
y? a2
= 7274—0 = yP=2"4+20 = yP=2+K = y=tVa?+ K
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For the left hand side, make the substitution u = Iny, then du = Ey’
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8. A bacteria cultute starts with 800 bacteria and the growth rate is proportianal to the number of
bacteria. After 3 hours the population is 2700. Find the number of bacteria after 5 hours.

The size of the bacteria culture is given by y = Ae* where A is the initial population, so we have
y = 800e¥t. Since y(3) = 2700, we have 800e3* = 2700

27 27 1 27 27 3 3
3k _ — - _ — J— — J— = —
e =3 = 3k ln(8> = k 3ln(8> hl((g)) ln<2>

3)5_ 800 - 343

B 32 6075.

31\ O
Then y(5) = 800™ = 800 (¢*)” = 800 (¢"(2)) " = 800 <



9. Eliminate the parameter to find a Cartesian equation of the curve. Sketh the curve and indicate
with an arrow the direction in which the curve is traced as the parameter increases.

(a) o =2cosf, y =sin?0
x? x? x?
22 =4cos? 0, so Vi cos® 0. Therefore T +y=1o0ry=1-— R
The graph is the part of parabola where —2 < 2 < 2 (because —1 < cosff <1)and 0 <y <1
(because 0 < sin? 6 < 1).

y y
X X
0<0<m T<0<2m
(b) z=e'y=e"

1
zy=1ory=—.

x
The graph is the part of the hyperbola in the first quadrant because e® is always positive.

y

10. Find an equation of the tangent line to the curve x = sint, y = sin(t + sint) at (0, 0).
The point (0,0) corresponds to t = 0.
d

dy G _ cos(t +sint)(1 + cost) Ifi=o. dy cos(O+sinO)(1+cosO)_L2_2
dr dr N cost ' dr cos 0 1T

The slope is 2 and the tangent line passes through the origin, therefore its equation is y = 2x.
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11. (a) Plot the point whose polar coordinates are <1, %) Find the Cartesian coordinates of this
point.
y

2m/3 X

x = 1cos 2—7T ——1 = 1sin 2—7T —ﬁ
- 3) " 27 3)" 2
(b) Find polar coordinates (with r > 0) of the point Whose Cartesian coordinates are (1/3, —1).
- 117
= /(3 — = /(B4+1) =2, tanf = 7, therefore 6 = Toor =X S0 polar

6 6
11
coordinates are (2, _E) or (27 Tﬂ)




